DCAM classes

Dynamic Classes for Academic Mastery

ELLIPSE

EXERCISE - 1

Single Choice

. X . .
Given E = cost + sint & % = cost —sint

Squaring these two,
2

= %:1 +2costsint ... (i)
y?
16 =1-2sintcost ... (i)
Adding (i) & (ii)
X2 y2 X2 yz
—+==2 = —+==1
9 16 18 32

Consider P(0), Q (6 + Z?nj ,and R (6 + 4—;) . Then,

P'=(acos 6, bsin 0)

Q'= acos[6+2—nj,bsin[9+ﬁj
3 3
and R'= (acos(9+4?nj,bsin(e+4_;n

Let the centroid of AP'Q'R' be (X, y").

cose+cos(6+2;)+cos(9+?j

3

X =a

= %[cos6+ 2cos(0+ n)cosg} =0

y'= 2 sin6+sin[9+ﬁj+sin[9+ﬂ)
3 3 3

{Sin 0+2sin(0+ m)sin ﬂ —0

_a

3
=0

Here Sis(3,3) & S'is (-4, 4).

= SS'=./50 =2ae .. (@)
" (448 (3,3)8
Now OS +0S'=2a w

3\/§+4\/§ =2a
72 =22 e i) 0(0,0)

HINTS & SOLUTIONS

From (i) & (ii)
_>
77
(5x =10+ (5y + 15y = w

13x—4y-7Y
or (x—=2y+(y+3)= s

o J(x=2)*+(y+3)’ %w

It is an ellipse, whose focus is (2, —3), directrix is
3x—4y+7=0, and eccentricity is 1/2.

length of perpendicular from the focus to the directrix is

|3><2—4(—3)+7|_5
5
or ——ae=5
e
o1 2a72:5
2
_ 1o
or a= 3

So, the length of the major axis is 20/3.

Since major axis is along y-axis.

", Equation of tangent is x = my +/b?m? + a2

lope of tangent = — = — — m="5
slope of tangent = —— 3 m 2
Hence equation of tangent is 4x + 3y =24

or %-l-%:l

Its intercepts on the axes are 6 and 8.

1
Area (AAOB) = 5 X 6 x 8 =24 sq.unit.

The center of the family of A
ellipse is (4, 3) and the
distance of focus from the
center is ae = 5/2.

Hence, the locus is

< > X
ol (8,0)

25
(x4 +(y-3y=
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ELLIPSE

For the chord to subtend a right angle at the origin,
(1-m)+@2+sin”a—1)=0
(As sum of the coefficient of x* + y*=10)
or sinfa=m-2
or 0<m-2<1

or 2<m<3

EXERCISE -2

Part # I : Multiple Choice

r-r—6>0andr>—6r+5>0

or r=3)(r+2)>0and(r—-1{FT-5>0
or (r<-=2orr>3)and (r<1orr>)5)
le,r<-2orr>5

Also, > —-r—6#1r>2—6r+5

11
or r# 5

If both the foci are fixed, then the ellipse is fixed, that
is, both the directrices can be decided (eccentricity is
given). Similar is the case for option (c). Thus, (a) and
(c) are the correct choices. In the remaining cases, the

size of the ellipse is fixed, but its position is not fixed.

The ellipse is 16x* + 11y* = 256

The equation of tangent is (4cos 9,16\/ﬁ cos 9) is

16
16x(4 cos 0) + 11y| —=sin0 | =256
oo+ 1 no)
It touches (x — 1)> + y*> = 42 if

| 4cos0-16
|\16c0s0+11sin

4
0|

or (cos 6 —4)> = 16cos’0 + 11sin’0

or 4cos®0 + 8cosb —5=0

1

or cosb = 2
y_ 5T
373

By definition of ellipse
PS+PS'=2aifa>b
PS+PS'=2bifa<b

and SS' = 2ae
P(acosd, bsing)
Béz _."':aoc/Z
2 sal BEOY!
3e0) | @0
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ELLIPSE

(\/gsece)x — (2 cosecO)y=5-4
or ({5 secO)x — (2 cosech)y = 1 ...(ii)

Given that (i) and (ii) represent the same line. Then

J5secH _ —2cosecO -1

1 —t t2

2 1
or :ﬁ cotd and t = —Esine

2 1.
or —coth = 75 sin®

NG
or 4cosd = —+/5 sin?0
or  4cos0 = —+/5 (1 — cos?0)
or  /5cos?0 — 4cosd — /5= 0
or (cos® — \/g)(\/gcose +1)=0

1
or cosf = fﬁ [ cosB # 7\6]

1
or 6 =cos!|—
7)

Putting cos® = —1/+/5 in t = — (1/2)sind, we get

Part # 11 : Assertion & Reason

2.

The chord of contact of the ellipse

2 2
X_+y_:1
4 2

w.r.t. the point (8, 6) is
8x  6x
- — =
4 2
or 2x+3y=1
Hence, statement 1 is correct. Also, statement 2 is correct

and explains statement 1.

xX*+y?+xy=1

Replacing x by —x & y by —y we get the same equation.
. Centre of conic is (0, 0) and every chord passing
through the centre is bisected by the point. Hence st. [ &
st. II both are true & st I explains st. I1I.

jay —bx|=c/(x —a)’ +(y—b)’

|ay—bx|_ C / 2 2
. Ja?+b? _\/az+b2 (-2 + =)
or PM=kPA

where m is the length of perpendicular from P on the line
ay — bx = 0, PA is the length of line segment joining P to
the point A(a, b), and A lies on the line. So, the locus of
P is a straight line through A inclined at an angle

sin” (c/~/a® +b”) to the given line
(provided ¢ < Va® +b% ). 1 e P
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ELLIPSE

Homogenizing the equation of ellipse

2 2 2
X,y _(hx ky
9 5 9 5

SR 1) (kK 1) 2hk
X|g1 9 )™V 25 550

coefficient of x* + coefficient of y>=0

h* 1 k¥ 1
———+—-—=0 = 25x*+81y?=630
81 9 25 5 ey
Chord of contact of A(h,k) is

hx  ky _

9 g r . 6))

Comparing (1) &(2)

h _ k _ 1
oa+p . [o+P oa—-P

3cos( 2 j ﬁsm( 2 j cos( 2 j
h k 2

3cm(a;BJ_J§m{“;Bj NG

cos[‘”B]: h (MBJ V3k

2 —2\@ ;sin| — :—2\/§
X_Z 3y° -1
12 20

= 5x*+9y=60

EXERCISE - 4

Subjective Type

2 2
X Y

—+
25 16

5
Since point (%Z a, o) lies inside the ellipse,

$,<0

5
= 16(7- Z(l)2+25.(l2<400

U

(28 — 5002+ 2502 <400
5002 — 2800+ 384 <0
= 2502— 1400+ 192<0

(12 16j
o€ |—,—
5’5

Equation of tangent at P

U

xcos0 + ysinf = a

whichmeetsx=aatT

- T (a, atan 6/2)

Equation of AP — y=—cot(0/2) (x —a) (1)

tan(0 / 2)

5 (x+a) ...(2)

Equation of BT —» y=
From (1) & (2)

1
y=-5 &-a)
x?+2y*=a’
Equation of auxiliary circle is x>+ y*=a? ....(1)

Equation of tangent at point P (acosa, b sina)

X
is X cosa+Zsina =1 .(2)
a

Equation of pair of lines OA, OB is obtained by
homogenous equation of (1) with the help of (2)

2
242 z[x +y' )
X2+ y2=3a2| —cosa +=sina
y a b

A
P\(@)

N
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ELLIPSE

10.

2
a

_ b_2
foci lie in the inner circle then

e’=1

2 2

a _j_2a

b—zz b2 [a:be]
! a_1 _
b2 2 b 2

The equation of any tangent PQ to the ellipse

2 2
X—2+y—2=l
y b
X cos0+ > sind = 1 i
5 08 bsm = (i)

2 2

. . X
This tangent cuts the ellipse —2+%: a at
c

the point P and Q.
Let the tangents at P and Q intersect the point R(h, k).

Then PQ becomes the chord of contact with respect to
2 2

the point R for the ellipse X—2+%=1 , 1.e., the
c
. . hx  ky .
equation of PQ is —2+?:1 ...(ii)
c

Equation (i) and (ii) represent same straight lines.

(cosO)/a (sin0)/a -1

Therefore, 5 >
h/c k/d

g A b

or cos® =5 sind="5

Squaring and adding, we get

a’h’ | bk’
LR -
ct d*
2,2 b2 2
or acf + df =1 ...(iii)

which is the locus of the point R(h, k)

IfR(h, k) is the point of intersection of two perpendicular
tangents, then the locus of R should be the director
circle of the ellipse.

2 2

Xy

C2 +?:1

le, x*ty*=c*+d?

' x2 yz
1.€. 2 2+ﬁ=1
c+d” ¢ +d

(iV)

12.

13.

Equations (iii) and (iv) represent the same locus.

Therefore,
a? 1
¢t o +d?
d : !
an — =
4 c2 +d2
a’ N b’ !
or —+—=
¢ d?

Tangent at point (t?, 2t) on parabola y*= 4x is
ty=x+t

Normal at (+/5 cos $,2sin¢) on ellipse 4x*+ 5y’=20 is

J5 xsech—2ycosech = 1
(i) & (ii) are same lines, hence by comparing

5 2 1
2

cos ¢ B tsing t
= coshp=—/5t
-2t

sing =

Square & add (iii) & (iv) we get

= ¢=n—tan'2

= ¢=m+tan'2

Equation of tangent at point P (acos0, bsinf)
x2 y2 X y

on a—2+b—2:1 is ;cos@+—sm9:1

fociF =(ae, 0),F,=(-ae, 0)

1 _ ab
\/c052 0 sin’0 \/az sin?@+b%cos? 0

and d=

2 2
a b

2
Now 4a? Ll - Z_z]

b?(a? sin? O + b% cos® 0)
=4a’ (1 - 55
a‘b
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ELLIPSE

1.

EXERCISE -5

Part#1 : AIEEE/JEE-MAIN

Foci are (ae, 0). Therefore accoording to the condition,
2ae=2b or ac=b

V2

Since directrix is parallel to y-axis, hence axes of the

Also, b?=a?(l1-¢e)) > e’=(1-¢e)=>e=

ellipse are parallel to x-axis.
Let the equation of the ellipse be

2 2
X

_2+y2
a b

b’ b?
e=1-— = —=1-¢e=1-
a a

=1, (a>b)

b2
2

3
a 4

1
al—
4
Also, one of the directrices is x =4

1
= a=4e=4. - =2;

i—4
:ei 2

3 3
b>= Zaz: 2.4:3
2

2
X,y
4 3

Required ellipse is

or

3x2+4y*=12

ZFBF=90° F'B_LFB
i.e., slope of (F'B) x Slope of (FB)=-1

A

We know that

2
€= \/l—b—z =
a

e?=1-¢e2e’=1,¢e’=

5. Distance between foci = 6

= ae=3

Minor axis =8

= 2b=8 = b=4
= a¥(1-¢e»)=16
= a’-9=16

= b’=16

= a’?-a%’=16

10.

= a=5
Hence ae =3

ujw

= €=

AY

—\Q

2.0) (475)

Ellipse x2 + 4y2 =4 (Given)
Eqn. of the ellipse (required)

K22
—+==1
16 b2
Ellipse passes through (2, 1)
i+L—1 2 4
therefore 16 b2 = b =3
2 2 2 2
X_+ y =1 X_ 3L=1
16 4/3 16 4

= x2+12y2=16
Let the equation of ellipse be

K2 g2
—+—==1
a? b’
from the given conditions
a=4andb=2
Eq of ellipse is
K2y B
16 4

orx2+4y2=16

Let equation of any tangent to y> = 16 V3 x

43

be y=mx +——
m
and equation of any tangent to 2x> + y*> = 4
be y=mx ++/2m? +4
but (i) and (ii) are same lines
ﬁ =\2m? +4
m

= m*+2m?-24=0
m==+2

= m’=-6,4
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ELLIPSE

Given tangent is drawn at (3\/§ co0s0,sind) to

2 2
X y_:1

27 1
x cos 0 N ysin® 1
3W3 1
Thus sum of intercepts =( 3\/5 secB + cosecO)=f(0) To
minimise f(0), f'(0)=0
3x/§sin3 0—cos®0 _
sin” O cos® 0

= Equation of tangent is

= [®=

= sirﬁ@zicos3 0 or tan6:L i.e GIE
33/2 \/g 3 meve 6

Let the point of contact be

R=( V2 cosb, sinb)

Equation of tangent AB is

X
—cos0 + ysinO =1
J2 Y

= A=( J2 secB, 0); B=(0, cosecH)

Let the middle point Q of AB be (h, k)

o he secH = cosecH
=2
= 0 —1 in® L = L + L
cos0 = ,sin0= — —t—=1,
h/2 2k 2n%  4K®
. . 1
Required locus is ? + F =1

Trick : The locus of mid-points of the portion of

2 2
tangents to the ellipse X—2 + y_2 = 1 intercepted between
a

axes is a’y? + b?x? = 4x%y?

8.

10.

Equation of tangent at (acos0, bsin0) is

X
—cosO + < sinf =1 N
a b

Q
P [ a_ OJ /‘NOSG, bsin®
cos0 > X

N T

ab

b
=0,
Q ( sin@]
AreaofOPQ= = [
reao Q_Z cosO )\ sin®
. (Area) . =ab

2

X
Equation of ellipse is i y>=1

V3
eccentricity e = -

so focus are (\/§,o) & (—\/5,0)

| 'sin20]

so end points of latus rectum will be

(V5[5 14)(~B.34) « (+5.)

y; <0 &y,<0

Hence coordinates of P & Q will be

o(6-4) sal-6-)

So now equation of parabola taking these points as

end points of latus rectum.
Focus will be (0, —1/2)

NE

4a= 9.3 = 5

a=

Hence vertex of the parabolas will be

(01,93 (oL 8

2 2

2 2

so eq. of parabolas will be

V3

1
X2:—2\/§ (y+5—7] &

)
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ELLIPSE

16. Let equation of E, be

17.

y

(0.4)

R A | (' E, passes through (0, 4))

E, passes through (3,2)

%+i=1
az 16

h k
Tangent at P(h, k) is XT+?y =1

- oo
h

4
APQR =k| —-h
o =i( 1)

e

1
which is a decreasing function in [5, 1}

1 1) 455
A= [3]1-—|lg-= =222
- [ 16)[ 2) 8

1 9
A, = 3[1-=1](a-1)=2
& 8= B(1-1)@-1)-2
8 A —8A,=45-36=9
\/g 1 2
20. a=3
1
73
F,=(-1,0)
F,=(1,0)

So, equation of parabola is y? = 4x

3
Solving simultaneously, we get [E,i\/g j

-9

Orthocentre is (—0 > 0)

xx3 N ﬁ -1

2x9 8

Put y =0 as intersection will be on x-axis.
R=(6,0)

3
3 3 3
Equation of normal at M is EX + y:2\/; +(\/;J

Puty=0,x= 2+

7
5Q= (5,0]
1

7 5
. Area (AMQR) = X[6—5)>< 6:1\/3

21. Equation of tangent at M is

7
2

N | w

2
Area of quadrilateral (MF NF,)=2 x Area (AF F, M)
1
=2><5>< 2x+/6 =26 Sq. units
5

Required Ratio =——==
equire atio 2 3
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ELLIPSE

11.

2,2
K(—mz) .2 )22

x| =2 _

9 4 !
G=5L=1
S,: 2:2 :% = 3b*=a’
b=a(l-¢) = 1=3(1-¢)
= e=,2/3

1Y 2V
S, : The equation is (X—Ej + (y—E]

1 (5x+12y—1j2
BRI -

a 13
1 .

— <1 le. a’>1

a
(A,B,C)
Focal property of ellipse

PS+PS’'=2a ; ifa>b

PS+PS'=2b ; ifa<b

P
PScosa +PS'cosPp=2ae ... @)
PSsina—-PS'sinf=0 ... (ii)
PS+PS'=2a .. (iii)
f i) and (i ¢ PS = 2aesinf}
rom (i) and (ii), we ge = —sin(a+B) R
g — 2aesina .

PS'= —sin(a A (iv)

from (iii) and (iv)

e (sin o + sin B) = sin (a + B)

o+p a—p o o+p oa+p
5 Cos T =2sin 7 cos —

e.2sin

a B . a. P
e | cos—cos—+sin—sin—

2 2 2 2
Cene X B .o . B
=cos 5 cos o —sin — sin

o

221(21—\/&12—b2)—b2
tan — tan T =

1-e
2 2 l+e b?

C is correct option & D is incorrect
12. (A, B, C)
Equation of tangent at 0 is
xcos®  ysin6
—+— =1

a b

X ¥
asecO bcosecd

Length of intercept,

d= /a?sec? 0+ b*cosec?0
d?=a2sec?0 + b2 cosec? 0
d(d?) sin© , cosO

— 2 _
® Y oso e

=0

a’sin®  b’cos0

ie., = —
cos’ 0 sin’ 0

2
tan* 6 = —
a

/b
S tanO==x,[—
a
b b
= O=tan! ,/—,—tan! ,|—
a a
[b /b
= O0=n—tan! ,[—,-n+tan! ,|—
a a

14. (A,C)
The tangent & normal at a point P on the ellipse bisect
the external & internal angles between the focal
distances of P.
So answer are (A) and (C)
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@7 (ae,0)

a’(l-¢*
Q0 el
a’e
1
= 2e?=1 = =7

(B) Herea=3;b=2

4T xcos6 N ysin©@ 1
an Ty 5=

x=0;y=2cosecH

) 2sin®
Equation of chord A'P, y = ) x+3)

3(cosO+1

N
4. Q(0, 2 cosec 0)

P(3 cos 6, 2 sin 0)

A'!/A -

2sin® B
1+cos®

Putx=0,y= OM

Now,
0Q2-MQ%2=0Q2-[0Q -OM]?
=2(0Q)(0OM) -OM?=0M {2(0Q) - (OM)}

2sin0 [ 4 2sin6}
" 1+cosO | sin® 1+cosO|

(©) (y%} —8(x—2)

= Y?=8X
for three normal X > 2a
= x-2>4.: x>6

(D) Area of parallelogram = 2ab

1
=2 ><(2)>< (Ej =2

2 2

23. Solving the curves y? = 2x and ?+y7 =1 for the

points of intersection, we have

3
4x2+18x—-36=0 = XZE’_6

But from y?>=2x we have x>0

3
2

3
X= at which y :2~5

= y=*t3
PG,«@) and Q(%,—\E]

Now equation of tangents at P and Q to ellipse

x>y x(3) vy
—+=—=11is —| = [+=(+y/3)=1
s 9[2j+4( )

9 4

which intersect at R(6, 0)
Equation of tangents at P and Q to parabola y?=2x will

3 _
bey (i\/g) =x+ 5 which cut x-axis S(?S,O)

1

AreaAPQs  ,"OMS g
Area APQR 1PQ,MR MR
2

3_(—3)
_2\2)_3_2
6> 9 3
2 2

N | —

1
Area of quadrilateral PRQS = EPQ(MS + MR) =
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3. (O
Let the bird is at S and projection of S on the ground is S’

1
OS' = semi minor axis = ——=
Jb

S

i 1
1 5 1

_,_ob _

- =1-2 = ==
(sz 25 b

5Y o [25+200
PS' = (EJ +(10)" = s

225 15
-5 7 ad SS' =53
SS' 2
tand= — =,/ =
™TPs V3
26. (3)
2 2
X Y,
169 25
equation of normal at the point (13co0s0, 5sinf)
55ind) = om0 (13 cos) it passes through (0, 6
(y—5sin0) = Scos0 (x— 13 cosB) it passes through (0, 6)

then cos6 (15 + 72 sinB) =0

. 5
or cosO=0, sinf=-— 4

GZE 2 ~71i + ~71i
5> 2m—sint o, mEsint

equation has three roots hence three normal can be drawn.

27. Any point on the parabola y*=4ax is (at?, 2at). Equation

2 2

of chord of the ellipse % + y—z =1, whose mid-point is
a” a

a’t! N 4a’t’

2a’ a’

(- t=0)

x-at’>  y-2at
T2
2a a

= tx+4y=at’+8at

(at?, 2at) is

2
As it passes through (1 la, — %j ,

2

a
= llat—4(7j = at? + 8at

= at?-3at+a’=0
= t-3t+a=0 (a=0)

28.

29.

Now, three chords of the ellipse will be bisected by the

parabola if the equation (1) has three real and distinct

roots.

Let f(t)=t-3t+a
f'(t)=3t2-3=0

So, f(1)f(-1)<0

= ae(-2,2)

But a#0,s0 ae (—2,0)u(0,2)
Number of integral values of 'a' = 2.

= t==*1

172)

Let line OPQ makes angle 6 with x-axis so
P =(a cos0, asin 0), Q (b cos 0, b sin 0)
and LetR (x, y)

So X=acos® Y=bsinb

eliminating 6, we get

2 2
Xy . ;
?+? =1, locus of R is an ellipse.
y
R Q
P

Also a <b so vertices are (0,b) and (0, — b)

and extremities of minor axis are (+a, 0).

So ellipse touches both inner circle and outer circle
if focii are (0, + a)

= a=be ie e=a/b

2

Also  e=+41-¢* = e2=1-¢2

= e=1/\2
1

a
and ratio of radiiis —=¢=—F=.
b NG

Clearly the parabola should pass through (1, 0) and
(=1, 0). Let directrix of this parabola be x cos + y sinf=
2. If M (h,k) be the focus of this parabola, then distance
of (1, 0) from 'M' and from the directrix should be same.
= (h—1)*>+k>=(cosd —2)?
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