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[TOPIC 1] Algebra of Vectors

1.1 Scalars and Vectors

Those quantities which have only magnitude but no
direction, are called scalar quantities or scalars.
Those quantities which have magnitude as well as
direction are called vector quantities or vectors.

Representation of Vector
A directed line segment has magnitude as well as
—_
direction, so it is called a vector and denoted as AB
- — -
or simply as  and read as ‘vector AB’ or ‘vector a’.

—_—
Here, the point 4 from where the vector AB starts is
called its initial point and the point B where it ends
is called its terminal point.

e
Magnitude of a Vector

——’
The length of the vector AB orz is called
) — - —_—
magnitude of AB or ¢ and it is represented by| AB|
-
orjajora.

NOTE 'S:ince, the length is never negative, so the notation
|a|<0 has no meaning,

Position Vector :
Let 0(0, 0, 0) be the origin and P be a point in

space having coordinates (x, y, z)with respect to
RN

_)
the origin 0. Then, the vector OP or r is called the
position vector of the point Pn\p{ith,‘;ggggc;,.tq;g,
—_— -

The magnitude of OP or r is given by

— -
| oP|=| r|=1/x2 +y2 w22

NOTE  Generally, the position vectors of points A, 8, C,

. - = -
etc. with respect to origin are denoted bya,b,c
etc,, respectively

1.2 Direction Cosines

—
If the angles o, B and Y made by the vector OP
with the positive directions of the ¢oordinate axes
O;(, OY and OZ respectively, then cosine values of
these angles, i.e. cosq, cos B and cosy are known

3 . » —._-’
gs the direction Cosmes of OP and are generally
denoted by the letters I, m and n, respectively,
Le./=cosq, m = cosB, n = cosy

From the figure,
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C — [ = = —_—
0S I_r,,l, COSB = and cos Y l_.l
* r



i7
.¥Y=m|rland 7 = nl7!
Thus, the coord; e
s nates of the point P
expressed as(z}r{,mm,n[?[) may be
The numbers lir|. m|7} and nir| are

proportional to the direction cosi
% . cosines
direction ratios of vector 2. are called

=

I»

NOTE (i) In general, it may be noted that
P+m?+n?=1but x2+y?+ 2221

(i) If @ =a,i +a,j + a;k, thena,,0, and g, are
called direction ratios of g.

(iii} tFit is:given that Z, m and n are direction
cgsines.of a vector, then
1i + m j+nk=(cos)i + (cosPB) j + (cos D)k
is the unit vector in the direction of that
vector, wherea, B and y are the angles made
by the vector with the positive direction of X,
Y and Z-axes, respectively. /

1.3 Types of Vectors

1. Null vector or zero vector A vector, whose
initial and terminal points coincide, i.e. its
magnitude is zero, is called a null vector and

-y
denoted as 0.

NOTE  Zero vector cannot be assigned a definite
direction as it has zero magnitude otherwise, it
may be regarded as having any direction. The

vectors 7\7 BB represent the zero vector.

2/U:it vector A vector of unit length-is called
\ unit vector. The unit vector in the direction of

-‘ -~
aisa=

.
&’

/"Coinitial vectors Two or more vectors having
the same initial point are called coinitial
vectors.

4. Equal vectors Two vectors are said 1o be
equal, if they have equal magnitudes and
same direction regardless of the position of
their initial points.

— - -
NOTE If 0 =b, then]a}=|b] but converse may not be
true.

5. Negative vector A vector having the same
magnitude but opposite in direction of the
given vector, is called negative of the given

—_
vector. e.g. Vector BA is negative of the vector

— it ——
AB and written as BA =—- AB.

6. Collinear vectors Two or more vectors arc
said to be collinear, if they are parallel to the

same line, irrespective of their magnitudes
- -
and directions. e.g. @ and b are collinear, when

- -
a = A b, where A is some scalar.

NOTE If the value of a vector depends only on its

magnitude.and direction and is independent of
its position in the space, such vectors are called
free vectors.

1.4 Addition of Vectors

1. Triangle law of vector
addition

If two vectors are represented along two sides of a
triangle taken in order, then their resultant is
represented by its third side, i.e. in AABC, by
triangle law of vector addition,.we have

—_— — —

BC + CA = BA.

B c

NOTE The vector sum of three sides of a triangle taken
in order is 0.



2. parallelogram law of
vector addition

If two vectors are represented G
along the two adjacent sides

of a parallelogram, then their
resultant is represented by 0
the diagonal of the
parallelogram througth the common point. In the

parallelogram OABC, we have
_— > —

OA+ OC = 0B.

NOTE Both laws of vector addition are equivalent to
each other.

Properties of vector addition

»A

- - .
(a) Commutative For vectors a and b, we have

- 2 o9 =5
a+b=>b+a.

- = -

(b) Associative For vectors 2, b and ¢, we have
- - = - = o
a+(b+c)=(a+b)+c.

(c) Addltlve identity For any vector Z a zero

= 3 5
vector 0 is its additive 1denuty asa+0=a.

(d) Additive i mverse For a vector a, a negative
vector of ais its additive inverse as
a+ - a) =
NOTE The associative property.of vector addition
- =

enables us to write the sum of three vectors ab
- - )
and c as a+ b+ ¢ without using brackets.

1.5 Multiplication of a
Vector by a Scalar

Let 2 be a given vector and A be a scalar, then
multlphcanon of vector a by scalar A, denoted as
7\. a, is also a vector, collinear to the vector a
whose magmtudc is fA| times that of vector a ie.
JA aHM ]al and 1ts direction is same as a, if

i@ > 0; opposite of a a, if A <0 and zero vector, if
=0.

NOTE For any scalarA, A - 0=0.

Properties of Scalar
Multiplication

For vectors a, 7 and scalars p, 4, W€ have

-

(i) p(‘3+3)=p2+pb
- -

(i) p+a)a=pa+qa

(iz"i) pad) =a)a

—
NOTE To prove3 is parallel to b, we need to show that

3 = JLE, where A is a scalar. j

1.6 components of a Vector

The position vector of any point P(x, y, 2) with
N

. = A N -
reference to O is given by OP (0r r)= xi + yj +zk,
where 7 f k are unit vectors along the X -axis,

Y-axis and Z-axis, respectively. This form of any
vector is called its component form.

Here, x, y and z are called the scalar components

of r and xi, }7 and zk are called the vector

components of 7 along the respective axes.
1. Two dimensions If a point P in a plané has

coordmates (x.y), then OP = x7 + y _], where i

and } are unit vectors along OX and QY-axes,
respectlvely

Then, | OF|= x4 2,

P y)

(0] >X

) £ [P NUPRPR.

- Three dimensions |f 5 pomt P in a plane has

coordmates(x y 2), then OP —xt+y1 +Zkf

where 7, and £ are unit vectors along 0X, OY
and OZ-axes, Tespectively,



Then, | OP|= JF:T;;
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important Facts

If we have two vectors  and b, given in
component form as a = a,i + @,] +ayk and
.l; = b,:' + b,j' + b,lz and A be any scalar, then
(i) a+b =(a, + b,)i +{a, + b)) +(a, + bk
(ii) @ - b =(a, - b)i +(ay - by)] + (g — bk
(i) Aa = (@i +(Aay] +(hagk
(iv) a=b iffa, =b,,a,=b, anda, = b

4 (v) a and b are collinear (or parallel) iff

a a, ay . .
L =22 =22 =) (non-zero scalar)

b b, b,

1.7 Vector Joining of Two
Points

If (x,, ¥,,2,) and P,(x,, ¥,.Z,) are any two points,

—

then the vector joining P, and P, is the vector P\ P,.

- — & - po - - -
OPy— OP, = (x5 + ¥y + 23k )= (X0 + y,] + Z\K)
e BPy=(xy-x)i+ 0 -] +Ea-7)k

and | P, P,| the distance between two points,

- \/(xz —Xl)z +(r; “y:)z “‘(23—21)2.

\}ﬂ Section Formula |

Position vector OR of point R which divides'the
line segment joining the points A and B with
position vectors Z and _l; respectively, intemlilly in
the ratio m : n is given by

-l-; -
- +na
oR =L"""".
m+n ;
- m > — N —*
| + 1"
- —> Fre gl
A @) R (OR) gi‘b) ‘%_
For external division, ‘\
mb-na
OR = "———.
m-n
-« m —p
) —
=z + ey
A @) B ®) R(O

NOTE Position vector OR of mid-point R of the|fine
segment joining the points A(a) and B(b)is given

by5§;=a+b.
2




[Topic 2] Product of Two Vectors and
| Scalar Triple Product

2.1 Dot (or scalar) Product of
Two Vectors |

’ -
1fe is the angle between two non-zero vectors 4
and b then the scalar or. dot product,-denoted by
a b is glven by a- b |a| | blcose where0 <0< .

NOTE (i) a- b is a real number.
(ii) I either d =G or b =, then® Is not defined

and in this case, we define @- b =0
Properties of dot product of
two vectors

. ab=ba [i.e. dot product is commutative]
2. @0=0

3, a2 @ + 'c') =25 + a- ¢ [distributive property]

4. 1f2and? are perpendicular to each other,
then 2. = 0. converse is also true.

- =

5. Projection of 2 on B = L) and projection of -I;
- = |
ond=22
-

|4l
6. Angle between two non-zero vectors 2 and B is

23 23
given by cos 9 = = or@ = cos™!| & ’
ritkd |a|-{B|

7. 423>
8.1-1=].]=kk=1or [If =|J|2 =[R2 =1
9. f.jg;.azl‘;-;=0

10. If a ldll +aJ+a,kand bablf.;.bz/.,.b,k,
then a 'i:'=a,b, + azb, + azb,,



-4 a2 .
11. (X-a)~—b’—l(a- b)=a-(l'7;), where A is any —a’x_(3+?)=2xb+z>(?

6.
lar.
scalar. [distributive: propey]
12. 18 =0 then 2.3 = “”-l”l, if@ =x, then 7 M‘a’x‘},’)=(x'a’)x_b’=_a’x(x3)
a%=-3 allbl. '

8. If ais parallel tod, then @ x b = 0 and

2-2 VECtOI' [Dr CI'OSS] converse is also true. |
Product of Two Vectors " |

1f0 is the angle between two non-zero 7 Two non-zero vectors @, bare colhnea; iff

b - = —> . }
axb= |
non-parallel vectors 2 and B, then the 0 =y 5 ’
cross product of vectors, denoted by i 9. 1fo= —, then | ax?l =|al IZI .
- = - ﬁ : 3 :
is given b ' i i
axb,isg Y 10. If 2 and ? represent the adjacent sidesjof ¢
- = o z . A S ) L. - =
ax b =|a||b|sin® #, such that 0 <0< x parallelogram, then its area is given by a: b).
where, 71is a unit vector perpendicular to both 2 11. If 2 and ? represent the adjacent sidesof
. . 1, - -
and b, such that 2, B and 7 form a right handed triangle, then its area is given by = 2 laxb.

system: "’ gl e 4

NOTE ,,\ = Bi ¢ . h ) _ 12. If Z; and 2; represent the diagonals of
(i) ax b is a vector quantity, whose magnitude is parallelogram, then its area is given by

|axB|=[a||B] sin . ,. F

(ii) If eitherd =0 or b =6, then @ is not defined

o oy 3 = 13. ixi=jxj=kxk=0
and in this case, we definea xb =0 b e e m am B m
andiXj=kjxk=1kxXi=]j
Properties of cross product of two . 3
vectors
1. Unit vector 7 which is perpendicular to both
to caiimeiora by >
! the1vect<l)rs a and b, is given by : i
>3 4. jxi==k kxj==-iandixk = -]
n== : A
|Z><_l;| . 15. If2=a,i+a2f+a3k and _b'=b,f+bzf+-b,lz,
2, Relation between dot and cross-product is i j Kk
. : -

@By +sz7;|z=|z|z|3|z_ thenaxb=(ay, a, a,

3. Angle between two non-zero vectors is given by b, b
- = axDl 2 a } ~
bysino=l4%Zl o g=sin|[EXE| = @by~ ashi + (ash —aby)j + (@16 -azh)k
-, - =7 .
|a|l 7| |a]| 8] 16. If A, B and C are the position vectors of pane

.. ABC, then the umt vector perpendicular o the
4, axa =3 AB AC

o e om o plane ABC is *x____
S,axb=-bxa [not commutative] IAB 5% AC]



¢3 Sicalar Triple Product of
\/ectors

Sppost2 a,band ¢ are three vectors: Then, scalar
-
paduc): of 4 and Bxc, ie. 2—(3x 'Z) is called the
- = - .
salar triple product of 4, b and ¢ and it is

daoted by[a b ¢], thus[2 B c]= a-(bx c)

Poperties of Scalar Triple
Pioduct

Forany three vectors a-= a,f + blf + ¢k
b=a Zf+b,j+c212and—c’ =a311 + b3f+ c;lz,
aq b q
l'. ; 3 ?] = a2 bz Cz
f as by ¢
2. Icyclic order of three vectors is unchanged,
* tien scalar triple product remains unchanged,
ie.[¢ b C1=[6 ¢ al=[c 2 B).
3. I'cyclic order of three vectors is changed, then

calar triple product changes in sign but not in
nagnitude, i.e.

4.
5.ka D Cl=k[a b <]
6. fa’- (3x ?)I gives the volume of a parallelopiped
formed by adjacent sides given by the vectors
- = -
a,band c.
- - ‘—)
7 Three vectors a, b and ¢ are coplanar, if and
onlyif[2 % ¢]=a

8 Four poinAts A, B, C and D are coplanar, iff
—_ — —

[AB AC AD]=0.



