MATHS FOR JEE MAINS & ADVANCED

EXERCISE - 1
5 o= arc .
. angle= radins @) A
4+5+3=21R 4 -
R=6/ 3
= T rL(jZB
A 5 5 R
== =7, 2A
R6 B C
-2 - L and
TR 2™ 5
ook
R 3

RZ

Area of AABC = ~R? sin2E +sin>" +sin = |
reao = 2 3 6 2 = 2

2 2

2

Bl

_BABED 360 93+
4 e

T T

(4stin2A 4R*sin’ B 4stin2Cj A
+ + Hsm—
2

sin A sin B sinC
A2 ) ) . A
=4R*(sin A +sinB +smC)HsmE
— 2 A . A 2
=16R HCOSE.HSH’IE=2R sinA.sinB.sinC
—9R?2 abc _abc _

8R® 4R
_a
5. ED= 5 —ccosB A

a (a2+02—b2J
== —-cC

2 2ac B = s c

a (32"'02—1)2} a’—a’-c’+b>  b*-¢’
2 2a B 2a  2a
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HINTS & SOLUTIONS

7. a+b+c=2s

6 tanzé_l—cosA
’ 2 1l+cosA 2
c
-4 b-c ¢ N
_1+£_b+c
b B" T C

= s=2a
Applying half angle formulae.

B Cc (s)(s—b) (s)(s—c)
cot 2 'COt2 " \Gs-a)(s—c) (s—a)s—b)
s
= =2
s—a
8 + j— L
DR T 5a)s—b)
3 3 2
M, +1,) = i A abc2 - A (ab40)s
(s—a) (s—b)(s—c) A
2 2
_ (abc) s _ 4RAs _ ARg?
A A
I +1)
Rs’
9. a=1
(sinA+sinB+sinC)
2s=6
3
(a+b+cj
= 2s=2 R
R=1
a 1

sinA= —

sinA ~ 2R = )

AT
6
1 1
10. Area(AADC):Eb.x , Area(ABCD) = Ex.a

1
A==x(b+
= X( a)

2A
a+b




PROPERTIES & SOLUTION OF TRIANGLE

12. Usi T, A T, A r. A
. Usin, = T, = T, =
P A TS
(2s—(a+b))(2s—(b+c)(2s—(c+a))
we get 3
A
abc _ KR’ 64R° KR’
A®  (abc) (abc)®  (abe)?
hence K =64
>4 >
14 s—a _ s—a
¥ A’ \/Z 1
(s—a)(s—b) (s—a)(s—b)
Z 1
_ s—a :Z 1 Xézzmné
s(s —c) (s—a) s 2
P
(- r:(sfa)tan%=(S—b)tan%=(s—0)tan%)
(19)* +(17)* =¢?
15. = >
cosC 21917 0
c2<(192+(17)
c2<(18+1)2+(18-1)?
2<2(182+1)
2<650 (1)
c>2 and ¢<26
2<¢<26 w(2)
4<c2<676 e.(3)

cis3,4,5, ... ,25
number of integral values of c is 23

16. AH=2R cos A (distance of orthocentre from the vertex)

given sinA=3/5; cosA=4/5
a=39
1 _op P _p 2R=65
sinA 7 3 = a
A
b E
4
AH=65- < =52 H
B 1 C

6-h
17. A= N 3h ; (where h is the altitude from A)

21'r )
Also A= ™ (using A =r1°s)

o N

18. Using cosine rule

xX2+4-1  x’+3 1{ 3}
cosf = = =—| X+—
4x 4

hence cos0 is minimum if x= /3

3

2

minimum value of cosf=2 -

L|§‘

. b
maximum value of 0= E

19. In AABP

C
9=c?+x%2-2cxcosB; but cosB:3—
X

C
9=c2+x2-2cx—
3x

B . C

2

Cz
9=x2+ 3 ..(1); 16=x2+ 3

H+@2)

@

1
25=2x2+ g(b2+cz):2x2+3x2

BC=3.5 = 45

= 5x*=25 = x=.5 ;
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MATHS FOR JEE MAINS & ADVANCED

X
20. INnAABC (= =9)
y

X+y X

sin108°  sin36°

X+y  sinl08°

X sin 36°

X sin36° cos
y_A5+1 51
X 2 2

X 2G5+ 541
Yy W5-DE5+n 2

1 tanC B sinC’ 1
" sinB  sinB cosC’

o sC e 10

nowusing sine law B b-9°
) el C— a’+b’-¢* 5
using cosine law cos 2 T

tanC  sinC 1 10 16 32

1 ) - C C
22. A=A +A,= EabsmC :absmzcosz

D opanS = LonS 11
2 SlI'l2 2 asin ) = a b
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23. b2+ (b2 + 2 —ad)x+c?=0
Note: b?>+c?—a?=2bccosA  (from cosine rule)
let f(x)=b*x*+(2bccosA)x+c?=0 also A< (0, )
in a triangle
cosAe(-1,1)
2bccosA € (—2bc, 2bc)
= D= (2bccosA)? — 4b%c? = 4b%c? (cos* A —1)

[ S—

—-ve

= D<0 = (A)iscorrect

24. Put a=2RsinAetc.
E=R[sin2B +sin2C +sin2C + sin 2A + sin 2A + sin 2B]
=2R(sin 2A +sin 2B +sin 2C]

25. BICI, is a cyclic quadrilateral with 11, as the diameter

T A
also ZBIC=———
2 2

applying sine law in BCI,
a

=11
COS—
2

2R'25iné'cosé
2 2

COS—

, . A B C 5
l_III1 =64R sin— sin~ sin— = 16R"r

aren® B €
(using sin > sin 2 sin 5 =r)



PROPERTIES & SOLUTION OF TRIANGLE

abc 1
=—" = —6-6sin0 =18si
26. R e A 5 18sin6
a=b=6

. 0 C
Sin— = — =

=12 sinQ
© 2

_3612sin@/2) 0
T 418sin0 ~ 2

27. a2+br<c? a2 +b% < a?+ b?—2ab cosC

cosC<0

= Cisobtuse = (B)
28. BC=BD+AD a=p+q
or L 1+ 4
p P
using Sine law in ABDC and in A ABD
sin3x . sinx
sin2x sin4x

sin3x-sin4x —sin x-sin2x

= =1

sin 2x-sin4x

2sin3x - sindx — 2sinX - sin2x = 2sin2x - sin4x
(cosx —cos7x) — (cosx — cos3X) = cos2X — cos6X
€083X — cos7X = c0s2X — COS6X
2sin5x - sin2x = 2sin4x - sin2x
as sin2x =0
sin5x = sindx
Sx+4x=180°
= x=20° hence LA=180°-80°=100°

hence

R [sin2A +sin2B + sin2C]
2R [sinA +sinB +sin C]

29. LHS

4sin A sinB sinC

- A B C
2 .4cos 5 €085 COS5

74_A_B.C7r
= 4sin— sin— sin = ¢

2

30. Numerator of RHS = ks? . 4R and denominator of

RHS=s>  (usingr,=s tan% etc.)
numerator 1
—of RHS=k-4R=LHS=R = k=—
denomin ator 4

31. note that ANIM is a cyclic quandrilateral.

A 2x

= cosec—— = —
2 r

_ A
= 2x= rcosecE

B
r r’ rR 'R
X= = Xyz= A =
. . 2r 2
2sin— 2.4] |sin— :
2 [sin-y
32. OA=HA
R=2R cosA (distance of orthocentre from the vertex A
is 2R cosA)
1
= COsA= —
2
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MATHS FOR JEE MAINS & ADVANCED

33. a2+ b2 =4R2[sin?(45° — 0) +sin’(135° — 0)]

=4R?[sin?(45° — ) + cos?(45° — 0)]
-

S—a

s—a - 2s —2a

but giventhat a+tb+c=4a = 2s=4a

H tB t *E*
ence Cco co 2 " 2a

2 th A—lHt A
oF 5 an =5 an

36 t A-B _ tg
. use tan 2 a+b CO 5

A+B=150° (given)

to get A—B=60°

= A=105°
A
37. x=rcosec ?

B C
a=r | cot—+cot—
2 2

rcot(C/2) !

" reot(B2) T

A A
a B C A sin—.cos—
—=| cot—+cot— |.sin— = 2 2
X 2 2 2 . B . C
sin—.sin—

2 2
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and

A B C
COS—.COS—.COS—
abc _ ) 2

Xyz

A B C
= cot—.cot—.cot—
. A . B . 2 2 2
sin—sin—.sin—

22 2

A A
In a triangle HCOtE = ZCOtE

1—cosAcosB

3n
38. sin2C= <1.Now proceed A=B= 3

sinAsinB
dc==
and C= 4
1<cos(A-B) = cos(A-B)=1 = A=B

39. Extend CB and DA to meet at P.

note that A PCD is right angle as shown.

tan 30° = —
now tan —10

[PAB is 30°-60°-90° triangle, hence PB =(2)(3) =6]
...................... D

P
I 2bc cosé— bx 3
CADZY =TT T @7
1
but bx=1 = b=—
X
A
c=x /6070 b
y
B D C
X 1
y= 2=
I+x x+l
X
[ - . .
Ymax = 7 SINCE minimum value of the denominator is 2

ifx>0 = (B)



PROPERTIES & SOLUTION OF TRIANGLE

EXERCISE -2
Part # I : Multiple Choice
(A—Bj (a—b) C )
1. (A) s tan > = _a+b cot 7 @)
31
A-B) 1-cos(A-B) 1—37 1
tan? = = =—
2 1+ cos(A—-B) 1+31 63
32
t (A_Bj ! 5 and b=4
an| —— |=—= v a= an =
2 NG
from equation (i), we get
1 _(54) C 11 C
_3\/77_5+4 cot2 = —3\/77900'[2
tC 3
- ~_ 2
CO 2 \/7
C— 1-tan’C/2 1-7/9 21
O T anc/2  1+47/9 16 8
2, .2 2
cosC= D ta —¢
2ab
= c¢?=a’+b*-2abcosC = c=6
1 ) 1
(B),(C) - Areca =5 absinC -~ cosng
1 37
inCc= J1-— =37
= sin N g
1
Area= 7 x5x4x W1
2 8
Area = $q. unit.
a b c

From Sine rule ; = — =
sin A sinB sinC

asinC B 5><3\/7
6x8

= SsinA=

57

SinA = —
16

B
3. cosA + cosC = 4sin* —

2
(A+Cj (A—C) .
— COS .COS 2 =2sin"—
:2c032£A+Cj
2
A-C
—COS 2 2 cotA <:otC —2+1
A+C 1 2 2 2-1
COSs 2

A B C A B
cot—+ cot—+ cot— = cot—cot—cot—
2 2 2 2 2 2
cotA +cotC 2cot]3
= - - = -
2 2 2

B 2bc é
a b+cCOS 2

(A) correct
(B) incorrect

abccosec% abccosecé

© =
2R (b+¢) .a (b+¢)
sin A
bc 2sin%cos% Ibe A
= = —(b+c) cos B

A
in—.(b+
sm2 (b+c)

2A A besin A 1
D) - (b+0) %€ 5 = hio) 'siné

. A A
2bcsin E cosz 1 Ibe A

(b+c) cossy

.Sil’lé b+c 2

6. (r,—1)(r,—1)(r,—1)

(S-S

B A’abc (R _ @]
2T 4A
s? 4A r
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MATHS FOR JEE MAINS & ADVANCED

9. Product of distances of incenter from angular points

3 3

— r = r
sinésingsing r/4R
2 2 2
=4Rr?
abe o (abe)(r)  (abe)(r)
A A s
r
10. (A A + A _ A 2
'()s—b s—¢  s—a s
1 1
=

(s—b)(s—c) B s(s—a)

A

= tanzz =1 = A=90°

(B) 4R? (sin?A + sin’B + sin?’C) = 8R?
1 — (cos*A —sin?B) + sin’C=2
1 —cos(A+B)cos(A—B)+1—cos’C =2.
cosC cos(A —B) —cos’C=0
cosC[cos(A—B)—cosC]=0
cosC[cos(A—B)+cos(A+B)]=0

2 cosA cosB cosC =0 = A=90°
or B=90° or C=90°
©)r,=s.
stan A/2 = s = tanA/2=1 = A=90°
aA 1 AR
(D) sinA  s(s—a) = sin A ~tan
= 2sin’A/2=1
= 1-cosA=1 = cosA=0 = A=90°
11 .o — A é L — t é
A rl—rfs_a—S = S(s—a) faanz
IT = abct ét -t E
(r,—1) —acan2 an2 an2
~ abelltan 2>
= abc an2
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13.

. A . B .
sin — sin — sin —
2 2

= abC B
COS— COS— COS—

B (abc)r _ (abc)r
4R.(smA+smB+smC) R(a+b+c]
4 2R 2R 2R
2(abc)r 4RAr
= = =4Rr?
2s S
A
ﬁe Sn—()
D E

if we apply m-n Rule in A ABE, we get
(1+1) cotd = 1.cotB — 1.cotO

2. cotd = cotB — cotO
3. cotb =cotB
tan0 = 3tanB

Similarly, if we apply m-n Rule in A ACD, we get

(1+1)cot(rt—0)=1.cotd — 1.cotC.
cotC = 3cot0 = tan0=3tanC
form (1) and (2) we can say that tanB = tanC

= B=C

A+B+C=n
A=n-(B+C) =7-2B
B=C
2tan 0
tanA = —tan2B =— _2tanB ) _ %
l-tan’B 1_tan 0
9
= tanAz%Lne
tan-0-9



PROPERTIES & SOLUTION OF TRIANGLE

14. lra+lrb:labsinC <
2 2 2
r(a+b)=2A b a
2A A i B
= h (1)
2abc abc
"™ 4R(2Rsin A +2RsinB) ~ 4R*(sinA +sin B)
= A
lsox= cosE
BT Ave 2
|
Z-EabsmC 2absin%cos%
from(1l) r= =
om(1) a+b a+b
2abcosE C
= ———~%-gin— = xsin— C
atb 2 ; —©
15. r,=2r,=3r,
A 2A 3A 1 2 3
= = = = = =
s—a s—-b s-c s—a s—-b s-c
(1) (i)  (iiD)
From (i) and (i) weget a—-b=c/3 (1)
From (i) and (iii), we get 2a—b=2c ..(2)
From (ii) and (iii), we get a—5b=-5¢ ..(3)
let c =k, then from (1) and (2), we get
a=— an =3
a_>3 a_>
b 4’ ¢ 3
Part # I1 : Assertion & Reason
C. . .
1. I, I,=4R cos 5 if we apply Sine-Rule in AT L, 1,,
then
4Rcosg 4Rcos9
7R = L1, _ 2 _ 2
« (A B . (A+B C
sin| —+— sin COS —
2 2 2 2

Statement : 1 . ’

~N L s PA L/,
n/2—-AI2
A2

YA N
’ 7/2\,9/2 .

.
Y

2R =4R R =2R

ex ex

A ABC s pedal triangle of AT I, I,
statement - 1 and statement - 2 both are correct

and statement -2 also explains Statement - 1

T
3. Perimeter =10asin g

/n/5

<+—2asin /5 —»

For n sided polygon, perimeter = EZa sin Ej X n
n

Hence statement 11 is false

4. Angles of ADEF are n—2A,n—2B,n—2C

Incentre of ADEF is the orthocentre of AABC
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MATHS FOR JEE MAINS & ADVANCED

EXERCISE -3

Part # I : Matrix Match Type

(A) -+ AA and BB, are perpendicular
a?+b*=5¢?
2 +b2
2 s 5 = c=.5

a’+b’-c¢®  16+9-5
2ab © 2x4x3

Ji
6

CZ

. 5
cosCL = 6

sinC =

1
A= 5 ab sinC = \/ﬁ

(B) GM.>H.M.

= (r,r,r)"”>3r

LTt

= =2 >27
r
C (s—a)s—b)

.o 2 - = — .o — —
(C) -~ tan 2" sGs—o) sa=5,b=4

2s=9+c¢

_ (9+c-10)9+c-8) -1

9+c)9-c) 81-¢*

7 -1 ,

= 973 & = ¢=36 = c=6

(D) - 2a’+4b*+c?=4ab+ 2ac.

= (a—-2b)*+t(a—c)’=0 = a=2b=c
a’+c¢’ —b’

. 7
€08 2ac 8

8cosB=7
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A) 1 1 1 < {/pipaps (HM<GM)

P1 P2 Ps

cosA cosB cosC

3B + +

P1 P2 Ps
acosA + bcosB + ccosC

N 2A
R(sin2A + sin2B + sin2C)
- 2A

(.. a=2RsinA)

R.4.sinA.sinB.sinC 4R abc 1
- 2A "~ 2A'8R* R

b2 2A ¢ 2A  a? 2A
€ ——+—"—r—=
c a a b b ¢

a +b®+¢?
=2 | ————————
abc

a® +b% +¢°
Now, —————=2abc  (AM > GM)
a® +b® +¢°

abc

= 2A.[a3 b+ Csj >6A.
abc

2

D) 2p,*= AAZ

Part # II : Comprehension

Comprehension # 1

Angles BEC,ABD, ABE and BAC are in A.P.
let BEC=a-3p

ABD=a-J3

ABE=o0+f
and BAC=a+38

now;, =3B = (0 +3B) + (o + B)
[using exterior angle theorem]



PROPERTIES & SOLUTION OF TRIANGLE

ot

and From AABD

oc—B+0c+3B:§

AB:2((L+B):§,4A=%,LC:

= ABCis30°-90°-60° triangle

w3

2
b
(i) Area of circle circumscribing AABC =7 (%j =1

\/g(lj
e ABOC 1t 1 _ - _LzL
(ii) isequilateral = r 1(3) NG
2 2
) BD= OB sin~ = Lsin® = ¥3
(iii) = sin 3237
BB’—ZBD—g

Comprehension # 2

1. Let ZLI1 =0

37172

Then angle of pedal triangle=t—-20=A

2. Side of pedal triangle= I,I,cos0 = BC

a

1213: (TC Aj
COS| ———
2 2

A
LI = 4Rcos E

A
3. IIIZ4Rs1nE

A
LI,=4R cosE

112+L12=16R?

Comprehension # 3

InA OAD

Y LT
OD=Rcos—,AD=Rsin—
n n

A = Area of circle (circumscribing polygon)
— Area of polygon

— 2 n 2 (Z_R\\
A =nR fER s1nkn)

B, = Area of polygon — Area of circle (Inscribed)

s nR2 . (Zn] R2 NEA
= —R"sin| — | —nR cos”| —
no2 n LHJ
1. Ifn=6then

An—nR2—¥R2
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MATHS FOR JEE MAINS & ADVANCED

2. Ifn=4 then value of

- nR? R2(4—n)
n ST g 2

put T=n0

20 — sin20

t
we ge sin20 — 20cos® 0

0 — sin0.cos0O 0 — sin0.cos0O

sin0.cosO — 0.cos? 0 - cos0O(sin® — Ocos0)

Comprehension # 5

b=AC=3 and ratiois1:2,Hence
AD=1 and DC=2
1 1
(i) Now sinf= g 0 =sin! Jis Ans.
1 15
(ii) Obviously ZFDC=0=cos™' i sin”! g = /FCD
hence A, B, C are correct.
now areaAADE=1": ﬁl = i
2 2 4

BD |
nowtan 6 = > (inABDC)
BD
J1 = = BD=2415

tanA = g = 2\/E

A
SinA = Jo1 (1)

215 25 -
also sinA= . = \/a = c—\/a
Area of ADBC= 2.2£/E = 2\/B

180

1
8

area. AADE /15 /4
area. ADBC ~ 215
iii) In AABC, —— =2R;
(iii) In >sin® T
po o _ol4 2461
C2sin® 2415 A5
Ans.

= (D) Ans.



PROPERTIES & SOLUTION OF TRIANGLE

EXERCISE - 4
Subjective Type
1
1. LHS= E(az+(b+cfa)+b2(c+afb)

_ 1
= (a(b?+c?—a?) +b(c?+a’—b?)

\S)

+c(a’+b*—¢c?)

1
— (2abc cos A + 2abc cosB + 2abc cosC)

\9)

= abc 1+4sinésinEsir1E
2 2 2
=4RA 1+4sinésinEsir1E
2 2 2

2. Sincea=2RsinA,b=2R sinB, and c=2R sinC,
we have
(b% - ¢?) cotA = 4R*(sin’B — sin’C) cotA
=4R%sin(B + C) sin(B — C) cotA
cosA
inA
=—4R%in(B - C) cos(B+C)
(*~ cos A=—cos(B + C))
=-2R?[2 sin(B — C) cos(B + C)]

= 4R%sinA sin(B — C)

=-2R*[sin2B —sin2C] ....(i)
Similarly, (¢*—a?) cot B

=—2R?[sin 2C — sin2A] ....(i)
and (a? — b?)cotC

=—2R’[sin 2A —sin2B] ....(iii)

Adding eq. (i), (ii), and (iii), we get
(b*—c?) cotA + (c*—a?) cotB
+(a2-b*)cotC=0

3. ¢ D
p 0
s : A
If we apply Sine-Rule in A ABD , we get
AB BD

sin0  sin(t—(0+))

=

AB =

BDsin6 BD sin 6
sin(0+¢) ~ sin 0 cos @+cosOsin ¢

()

sing = —L and cos¢ = 31
p*+q’ Jp'+q’

". from equation (i), we get AB =

© AB=

(\lpz +q° )sin@
qsin® pcos0
2 2 + 2 2
\/p +q \/P +q

(p> +q°)sin®
qsin@+pcos0O

4. cosA(sin B—sin C) + (sin 2B —sin 2C) =0

=

=
=
=

cosA.(sinB-sinC)+2cos(B+C)sin(B-C)=0
* B+C=n-A
cosA.(sinB—-sinC)—2cosAsin(B-C)=0
cos A[(sin B—sin C)—2(sin B cos C—cos Bsin C)]=
either cosA=0=A=90° = right angled

or (sin B —sin C) —2(sin B cos C—cos BsinC) =0

=

=

a’+b*—c*  a*+ct-b’
b-c)-2|b. —cC. =0
(b-0) [ 2ab 2ac j
a(b—c)-2(b*-c?)=0

(b—c)[a—2(b+c)]=
b-c=0 = b=c
isosceles

Area of ABAD = /3 x Area of ABCD

=

1 . 1 . o
5 BD xBAsin@ = \f3 x EY BC xBDsin (45 -0)

sm(45 -0)

BC =B — .. @)

sin 0
From Sine-Rule

BC AB

$in75°  sin60°

BA sin60° 32

BC sin75° 3+1

From equation (i)
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MATHS FOR JEE MAINS & ADVANCED

V342

1

1
= —cot——
W3+1) ﬁ{ﬁ ﬁ}
) 2(V3-1)
= =cotb-1 = ——— =cotb—
(3 +1) 2
= cotd=f3 = 0=30°
= ZABD=30°
al|bB
A b

required distance = inradius of A ABC
©2s =at+b+btctcta
=2(a+tb+c)
s=a+b+c

A = \/s(s —(a+b))(s—(b+c)s—(c+a))
= /(a+b+c)(abc)
A J(@+b+c)(abec)

‘. required distance = — =
q ] (a+b+c)

1
B abc B abc )2
a+b+c a+b+c

7. () LH.S.=(r,+r)(r,+1,)sinC
Ab Aa )
= (s—a)s—c) (s—c)s—b) SinC

B abA?

~ (s—a)(s—b)(s—c)(s—c)
abs(s—a)(s—b)(s—c) abssinC

~ (s—a)(s—b)(s—c)(s—c) sinC = (s—c)

sinC

RH.S. =2r, o+ +1r, =2r, \/s_ =2sr,
L.HS.=R.HS.

1
(ii) LH.S. =- A

(s=b)(s—c) N (s—a)(s—c) N (s—a)(s—b)
(a-b)(c—a) (a-b)b-c) (c—a)b-c)
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(s—b)(s—c)(b—c)+(s—a)(s—c)(c—a)+(s—a)(s—b)(a—b)
(a=b)(b—c)(c—a)

1
foR.H.S.
(iii) First term = (r+r ) tan ;
[A A j[bc) A AQ2s-a)
= |-+t — cot—— = ————
s s—a/\b+c 2 s(s—a)

b-c , s(s—a)
[b+cj' (s—=b)(s—c)
=b-c
similarly second term=c—a
& thirdterm=a—b
LHS.=b-c+c—at+ta-b=0=R.H.S.
@iv) r,+r,+r,-r=4R
(r,+r,+r,—rP=r’+r2+r2+r’=2r(r +r,+r)+
2, +rrtrr)
r(r, +r,+r)=ab+bc+ca-s’
and rr,+rr, +rr =s’
from equation (i)
16R*=r*+r2+r1?+r1’ -2 (ab+bc +ca—s?) +2s
rHr+r+r? =16 R*~4s*+2 (ab+bc+ca)
=16R?*—(a+b+c)*+2(ab+bc+ca)
=16R?—a?—b*—¢?

8. (i) EIFAisacyclic quadrilateral
EF Al
sinA
A
F E
B D C

Al=rcosecA/2
EF =rcosecA/2.sin A
=2rcosA/2

similarly DF=2rcos B/2 and DE=2rcosC/2.
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(ii) IECD is a cyclic quadrilateral

C
Z1CE=ZIDE =5

B
similarly Z IDF = Z IBF = 5

B C n-A
/FDE=—+—=—"=— —

2 2 2

1
(iii) area of ADEF = 3 FD . DE sin ZFDE

= l(ZrcosEj(Zrcosgjsin(7t
2 2 2 2

A B C
=212 COS—COS—COS—
2 2 2

5 sin A+sinB+sinC
2r 4

2 abc

_ 2A(rs)? _
@c)s  (abo)s

2A 2A 2A

_ ﬁ[2A(a+b+c)} _ rZA,zs
- ~ abe

EXERCISE - §

Part#1: AIEEE/JEE-MAIN

. my_a L (r) 2
. tan ; fzr,sm 0 ~OoR

o o
cot—+cosec—
n n

= r+R=

| ®

+R 2 t &
= = —.cot| =—
T 5 CcO n

. s(s—c) e s(s—a)
ab be

3
2
= %(sfc+sfa):%

= a+b+c=3b. = a+c=2b
= a,b,carecinA.P.

>
Q

Il
w o
X
N

Il
w | oo

1
Area of AABG= 5 x AB x AG sin 30°

W
[\

X X

Sin 60°= ﬁ
mn = AB

w | oo
N | —

&

16
33
_2AG 16

— AB=2 - —
NENE

9

32
Area of AABC =3(Areaof AABG)= m

sin® a+cos’a—1—sinacosa 1
4. cosp= - =—=
2sino.cos o 2

= B=120°
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5. /C=n2 B
C
r:(sfc)tanz s C=90°
A
r=s—-2R c
2r+2R=2(s—2R)+2R.
=2s—-2R
=(a+b+c)— — C C=90° O, =2nxareaof AOB O,
sin
=atb+c—c=a+b = On:2nX%XBIOIXOIO
2A 2A 2A _ K _ n
6. ?’T’T are in H.P. antann 1= ntann
L 2P AP = 0 =ntan— .. (ii)
20 2A°2A - N n
= a,b,careinA.P. ow
21 Y
R.H.S. _ O 1+ 1( nj _ O [1+cosﬁ}
7 L = cos I 2 n 2 n
R n

0O, T b b b
= x2cos? — = 0O.cos’* — =ntan — .cos’ —
2 n n n n n

T 2
Let cos; = g forsomen>3,ne N ™

n _ 2xn
1 2 1 T T n :ESIHT:In:L.H.S
ASZ<3<_2 :>cos3 <cosn<cos4
2. Letangle of the triangle be 4x, x and x .

= T S T S T Then  4x+x+x=180°

3 n 4 = x=30°
= 3 <n<4, which is not possible Longest side is opposite to the largest angle.
so option (2) is the false statement Using the law of sines
so it will be the right choice a b c
Hence correct option is (2) SinA = SinB = sinc —2R

a=R,b=R,c=3R
2S= (2+3)R
1. I =2nxareaof AOA I
| e B
= I, =2n% 2 xA[L X0l T2S 2443
3. Clearly the triangle is right angled. Hence angles are

= 1 =nxsin L cos I 30°, 60°and 90° are inratio 1 : 2: 3

" n n

n . 2% ‘

= [ =—sin—. ... (i) 30°

n2 n 5

J3
609\
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Consid b—c k(sinB-sinC)
onsider = KSinA

B+C). (B-C
2cos sin| ——
2 2
- . (A A
2sin| — |cos| —
2 2

(TC AJ. (B—C] . (B—CJ
cos| =" lsin| =—— | sin| ——
2 2 2 2

et

Clearly P is the incentre of triangle ABC.

r=

A \/(s—a)(s—b)(s—c)

S

Here 2s=7+8+9 = s=12

[5.4.3
Here r= 2 - \/E

.b.b.sinl20°= gbz ...... @)

AL
2

sin120° sin30°
b

SO

= a=3b ... (ii)

1
and A= \/gs and s= 5(a+2b)

= A= ?(aJer) .......... &)

From (1), (2) and (3), we get A= (12+7+3)

7. Wehave AABC=AABD +AACD

1 1 A 1 A
= EbcsmA: EcADsm— + — bxADsin—

2 2 2
A
AlA
5|2
E
B 5 C
%
AD= bCcosé
= " b+c 2

A
Again AE = AD sec 5

2bc .
= = AE is HM of b and c.
b+c
A 2x2bc A
EF=ED+DF=2DE=2xADtan —— = ——— X¢co0S —
2 b+c 2
o A e A
X —_— = — —
Mo " pec2

As AD 1 EF and DE = DF and AD is bisector
= A AEF is isosceles.

Hence A, B, C and D are correct answers.
8. InAABC, by sine rule

a 22 4
—_— = = — =45° ' =135°
sinA  sin30° sinC =C=45°C=135
When C=45° = A=180°—(45°+30°)=105°

When C'=135° = A =180°—(135°+30°)=15°

1 1
Area of AABC' = 5 AB .AC'sin ZBAC'= E X 4 x

242 sin(15°) = 442 x f\/; ~2(3-1)

185



MATHS FOR JEE MAINS & ADVANCED

Area of AABC

1 1
:EABACSH‘[A:E X 4 x 2\/5 Sln(105°):2 (\/g-i-l)

Absolute difference of areas of triangles

~2(V3-1)|=4

=12 (\3+1)

Aliter

AD=2,DC=2
Difference of Areas of triangle ABC and ABC' = Area of
triangle ACC'

%ADXCC’:%X2X4:4
A

9. cosB+cosC:4sm27

B+C B—C_ .2_

y o cos o =

—2sin —}

B-C B+C
= CO0S ) —2cos =0 assm—;tO

= 2cos

A
= 2s1n3 COS

B _C E C .
= —cos > cos > sin 5 sin 5=
= tan 5 an e
A
[¢] b
B C
a
fixed base
-a)s—¢) (s-b)s-a) 1
= ss=b) ~ s(s—c) 3
s—a 1
= ng = 2s=3a = b+c=2a

Locus of A is an ellipse
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a 2
10. A s1n2C+ —sin2A= = (acosC+ccosA)

2R
b
R =2sinB = 2sin60° = /3
L (P =D+ (x> +x+1)> =(2x+1)°
H. cosig = 20 + x+1)(x> ~1)
NE) B (x* =1 + (x> +3x +2)(x* —X)
P 2(x +x+1)(x* 1)
\/5 3 x> =D+ (x+D(x+2)x(x-1)
o 2(x +x+1)(x* 1)
A
2x+ 1 X —1
/6
. X+ X+ 1 ©
=~ = x* —1+x(x+2)

x> +x+1
= B E+x+1)=2x"+2x-1

= (B -2x+(3 -2)x+( {3 +1)=0

on solving
X2+x— (3\/§+5) =0 weget x= V3 +1,- (2+\/§)
At x= — (2+\/§) , Side ¢ becomes negative.
3+1

. .
12. Area oftriangle = 3 absinC=15+/3

1 3
= E.6.10sinC215\/§ = sinc:7
2n
= C:? (C is obtuse angle)
2 22
Now cosC= a b —c
2ab
1 36+100-c’
=5 —T=— = c=14
2 2.6.10
A 153 ,
=y T Ge0414 V3 = ¢l
2



PROPERTIES & SOLUTION OF TRIANGLE

13. a=2=QR

14.

(o
Il

¢}
I

s =

2sinP —2sinPcosP

SY NV Y IS

a+b+c

I
g
=

PQ

8,
2 4

2sin P(1—cosP)

2sinP+2sinPcosP  2sinP(1+cosP) 1+ cosP

. 2P
2sin 5 t P
= =tan’—
2COSZB 2
2
_(=bD)6-9) _(s-b)’(s—c)’

(G ()

cosP =

Luud

s(s—a) A?

A2 4A

2(2n+2)(2n+4) 3

1—cosP

(2n+2) +(2n+4) —(2n+6)" 1

2n+2=18
2n+4=20
2n+6=22

B MOCKTEST oy

1.

Using properties of pedal triangle,
we have
Z MLN = 180° — 2A
= ZLMN=180°-2B
= ZMNL=180°-2C
Hence the required sum
= sin2A + sin2B + sin2C = 4sinA sinB sinC

D)
b2+ct—-a? 64+81-49 145-49 96
COSA = = = =—
2bc 2.8.9 144 144
B a’+c’-b>  49+81-64 66 11
BT T e T 279 126 21
cosA:cosB:ﬁ
A
O'_l_G_p
B D C

From figure, we can observe that AOGD is directly
similar to APGA

)

(2 4 cot= + cot =
002 002 002

_ s(s—a) N s(s—b) N s(s—c)
A A A
S[3s—2s] &’

Bs—(a+b+o) = ——— =—

(a+b+cj2 AR (@atbtoR o abe
abc abe ' 4R
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5. tan%(a tanA + btanB) =a+ Db

= acosBcos(A + %j + bcosAcos(B + %) =0

= (acosB - bcosA)cos(A + %j =0,

as cos(B+gj = cos(n—A—gj
2 2

= A =B, in either case

6. (B)
A
80
H \
c
a=2+5
Re 2 _ 2+5 :2+\/§ _@+ )
2sinA  2sin30° >

2><l

Now AH =2RcosA=2(2+ ,/5)c0s30°=(2+/5)/3

I
7. (A) Inthe adjacent figure we have ZOCB = 5 —-A
A
B D

= /ODC=n-— (§A+6)=g+(A9)
if R, be the circumradius of AOCD, then
ocC

— =R,
sin (72‘ (A 9))

R

As D>C =
R

cosA
R

R,= 2cos A

= 2R1:
06->0

= 2R —>

188

8.

AD BD
In AABD, sin120°  sinl5°
V3
— AD=—2_-3\2+6
NEgS|
22
A
B
2
D C
(B)

Let ‘O’ be the centre of circle and ‘P’ be its point of
contact with side AB. We have

AP=0P té— té d
=OP.cot— =cot— an

PB=0P tE— B
=0P.cot7 fcotz

A B
= AP+PB :cotE +cot5

.(A+B)
Sin
2

=T A B AB
sin—.sin—
2 2
Similarly
.(C+Dj
sin
_\ 2 )
CD=""C D
Sin—.S1n—
2 2
. A+B C+D
Since A+B+C+D=2n = > =n— >
. A+BY)  (C+D
= sin — =sin 5
AB.sin sine =sin— . sinm. . CD
= -sinTr . sin =sinT . sinT-
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11.

12.

D)
S]:

A A _ A A 8 _ 3
s—-b s-c¢c s—-a s (s=b)(s—c) s(s—a)
or _S68) cot2o1 o A=90°

(s—b)(s—c¢) 2
S,: 4R*(D sin’ A) =8R?

sin’A + sin’B + sin?’C =2

2cosAcosBcosC =0

U 4 U

A orBor C=90°

|72]

A A
:2r1:2s:>stan3 :s:tanz =1=A=90°

C

S,: 2R=4R 2 cos 2 cos <
: = [(sm200s200s2)

. A . B.C
—sin — sin— sin— |
2 2 2

1 =2sin écos B—+C or 1 =2 sin’A/2
2 2

= cosA=0 = A=90°

A, C)

A=A +A
1b.A_1 .é+lb.é
5 ¢ sin fzcxsmz 5 Xbsin

(A,C,D)

_2A 24 2A

p_ a sq_ b ,I= c

1
) =) (z%)-m&%%) (222e) - o (=]

(©) (Zp) (Zpq) (TTa)

(m 2A 2A) (4&
—t—t— +

4A? N 4A?
a b o ab abc

be ca

2A(ab+bc+ca) e (a+b+c) .

abe abc

abc

(Za) (Zab) (Tlp)

(b+c—a

22 A2
oA j.abc

s (=0 (s=b) (s=a) . (abe)

A A A A (abc)—(Aj
=(4R)*=16R".

13. (A,C,D)

given expression (a —c¢)*+ (a—2b)*=0
= a=2band c=a. Sides are 2b, b, 2b
= 1isosceles,

TSRS
cosB = 2ac - 8?8
b+c’-a’ 1
dcosA= ——— = —
and cos b 2
14. (A)
_ A A
T p= s—a
A _s(s—a)(s—b)(s—¢)
pr= s(s—a) B s(s—a)
= (s—b)(s—c¢) = (s—b)? (- b=c¢)
(25— 2b) (@a+b+c-2b)
= - (b: )
4 4
2 2 :..2
:a_ :M :stinzA
4 4
Also ifZB=6 = ZA=n-260

pr=R?sin’ (1 —26) = R%in*260 = R%in’2B
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A 2A 3A
15. We have = =
s—a s—-b s-c

= a:b:c=5:4:3

16. (A)
Statement-II is true.
Statement-I tanA =tanB =tanC
(By using statement-1)

A=B=C 1ie a=b=c
r1:r2:r3
A
L+ 4+ _3 I 3 Sga _3(a+b+cj _
r T A b+c—a
S
17. (C)
e T
A1CL =, ZIBl= >
A
B P C

1

BICI, is cyclic quadrilateral
BP.PC=IP.1P

18. (O)

19. (A)

190

20. (B)
Statement-I :
a<b<c
s—a>s—b>s—c
s>s—a>s—b>s—c
A A A A

— < < <
S s—a s—-b s-c

I'<I‘1<1‘2<1‘3

Statement-II :

A A A A
rl:s—a’rzzs b’r3 s—c’r:;
1 1 1 S 1
— oy —_2_Z
L o 5 A r
2. A—=>@E), @B)—=>(@, O —>m, @D)->()

(A) (b+c)>—a’=Abc
or b2+c¢?-at=(A-2)bc
b*+c*—a® A-2

2bc 2

P
COSA = 2

or A—-2<2
r<4

greatest value of A is 3.

(B) tanA +tanB +tanC=9
in any triangle tanA + tanB + tanC = tan A tan B tan C

tan” A +tan’ B + tan’* C
3

k>3 (9"
k>9.3

> (tanA tanB tan C)*?

(C) Since the line joining the circumcenter to the incentre is
parallel to BC
r =RcosA

. . B . B
4Rsin 5 sin 2 sin 5 =RcosA

— 1+ cos A+ cosB + cosC = cosA
cosB +cosC=1



PROPERTIES & SOLUTION OF TRIANGLE

(D) a=5,b=4
cos(A—B)zz
A-B a-b C 1 C
tan = cot— = —cot—
2 a+b 2 9 2
1 tanzA;B
cos(A-B)= TA-B
1+tan
1 C
1-—cot*=
31 " 81 2
32 1+icot29
81 2
31+ﬂ t29—32 — tzg
81 %2 T 81 g
Z t2£71
9“2~
,C_2
cot 5 =7
l—tanzg 1—z
c 2 9 2 1
cosC= = =— ==
1+tan® = 1+z 168
cosC = a’+b’ ¢’ = 25+16-¢® 1
2ab 2x20 8
25+16—-c*=5
c¢*=36
c=6
22. A->@), B->@Er), (CO)>(@), [D)—>(pyx)
sinB b2 +c?—2a? b
A) Si = — 2tc-a 2
(A) Since cos A 2Slnc,we have 2be o

(B)

or b’+c*—al=b’orc’=a’

Hence c = a and so the AABC is isosceles

cos A (sin B—sin C) + (sin 2B —sin 2C) =0

or cosA(sinB—sinC)+2sin(B—-C)cos(B+C)=0

or cosA(sinB-sinC)—2cosAsin(B-C)=0
eithercosA=0 = A=90°

or (sinB—sinC)— 2(sinB cosC — cosB sinC) =0

a’+b’—¢c’

(bc)Z[b. —c

2ab

2, .2 1.2
'c +a b}_o
2ca

or a(b-c)-2(b*-c)=0

= (b-c)[a-2(b+c)]=0
b—c=0orb=c
isosceles

(C) Combine first and third terms and put the value of cos B,

we get
2 B)+ 1 +a’-b> a’+b’
ac ( b’ 2ca abe
or 4b’+c*+a’—b?=2a’+2b?
b2+ c2=2a2
ZA=90°
sin(A-B)  k’(sin’ A —sin’ B)

) Sin(A+B) ~ K(sin’ A +sin’ B) 0V Sine formula

sin(A—B)  sin(A —B)sin(A +B)
~ sin*A+sin’B

or -
sinC

3 sinC 0
sinC  sin?A+sin’B|

or sin(A-B) {

eithersin(A-B)=0

A=B 1ie. Ais isosceles
or sin?A + sin’B = sin’C or a? + b? = ¢?
A is right angled
23.
o dapi 122 e
. 3 3 —3a-2.a sinC - or = bsin
1
( AfaacsinB)
6= 2L i - Lesi
o —3a-zacs1n —3cs1n

1
2. Area of AGPL = E(PL) (PG) and Area of AALD

1
= E(DL) (AD)
1 1
* PL=~- DL and PG= - AD
3 3
1
Area of AGPL E(PL) (PG)
Area of AALD a l(DL) (AD)
1 1 2
—(DL)x—(AD
3 (PL)x2(AD)

1
(DL) (AD) 9
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3. Area of APQR = Area of APGQ + Area of AQGR +
Area of ARGP

1
<o Area of APGQ = 3 PG.GQ.sin(£ PGQ)

1 1 )
X 3 AD x SBEsm(nfC)

N | —

L 28 28
L 2a 2

18 a b ™"
21

) | .
= % X EbcsmA X ) acsinB x sinC

c2
= — sin A.sinB.sinC
18

2

Similarly Area of AQGR = ?—8 sin A.sin B .sin C and

2

Area of ARGP = % sinA.sin B.sinC

. From equation (i), we get Area of APQR = 13

(a2 + b2+ ¢?) sin A.sin B.sin C
24.
bx cy

aZ . . .
1. —+— +—=bsinB+csinC+asinA=
c a b

b?+c? +a’
2R

k=2R

2. cotA+cotB+cotC= b2+ c2—a’+c?+aZ—b’+a?

abe
+b2702)

R R (4A% 4A* 4A?
= — 2 2 2y — — 4+ — 4 —
be (b*+c*+a?) abe [ <2 ¥ 7

111
Yz

4AR 11 1
= A[_z+_2+_2j

_ 4A’R
abc

abc Xy z
L

7A XZ y2 ZZ
k=A
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3 chinB+bsinC _ ZX+X_

=6
X X
25. (B,B,B)
AB) 4 1—tan® -B 4
cos(A-B)=— = ==
5 1+ tan® 5
2tan2A_B |
= T2 7o
A—B_l 1_6—3 E
— tan > 73 :>3f—_i_3cot2
C
= cotEZI = C=90°
1

26.

27.

Area of triangle = 3 absinC

= Area:§X6><3X1:9

a \/a2 +b2

sinA 1
6
sinA \/E
= SinA= i
J5
®
A

r=
S

s=5ora+tb+c=10

abc
A= 4— or abc =60

Now  A?=s(s—a)(s—b)(s—c)
5=(5-a)5-b)(5-c¢)
=125-25(a+b+c)+5(ab+bc+ca)—abe
ab+bc+ca=38

or a’+b*+c’=(atb+c)*-2(38)=24

or

3)

atb-—c=2

and 2ab-c¢?=4

= a’+b’+c?+2ab-2bc—-2ca=4=2ab-¢c?
= (b—c)+(a—c)*=0

= a=b=c

Triangle is equilateral ;

hence a=2

= A=.3
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28.

29.

30.

2 1 2A

A=—-ah = h=—

2 ! a

We have Coszgzs(s_—c)

2 ab o 2A 2A

Similarly h,= —,h,= —

So that b c

2ab 29_@ S(S_C)_S—C So h1+r+h2+r+h3+r

(a+b+c)A 2 2sA° ab A hy-r hy-r hy-r
_2A/a+A/s 2A/b+A/s  2A/c+A/s

1
Now, the area of triangle ABC is A = 5 Py

i.e., p, = 2A/a. Similarly, p, = 2A/b and p, = 2A/c.

= +
2AJa-Als 2AJb-Als  2AJo—AJs

2s+a

2s+b  2s+c

4s 4s 4s

= + + = + + -3
2s—a 2s—-b 2s—-c¢c 2s—-a 2s-b 2s-c

i+i_i= atb—c_2s—2¢_s-c

P, P, D; 2A 2A A Bl
@ - _5{

a+c sinA+sinC

Ja?—ac+c®  +sin® A —sinAsinC +sin® C

4s 4s

4s

3

+ + -3
2s—a 2s-b 2s-c

>3
. A+C A-C
2sin cos
_ 2 2 .
\/1—cos 2A  cos(A-C)—cos(A+C) . 1-cos2C Since
2 2 2

2\/5'\/2§COSA2C

B \/2 —(cos2A +c0s2C)—cos(A—C)+cos(A+C)

A-C

\/ECOS

\/; —2cos(A+C)cos(A—C)—cos(A-C)

A-C

\/ECOS

\/2 +cos(A—C)—cos(A-C)

A-C
2

=2co0s

(6)

h +r h,+r h3+r>6
hy—r h,-r h,-r

4s 4s

(AM>HM) =6

DCAM classes

Dynamic Classes for Academic Mastery

2s—a 2s-b 2s-c |-3,
+ +
4s
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