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Dynamic Classes for Academic Mastery

MATHS FOR JEE MAIN & ADVANCED

 AREA UNDER THE CURVE

INTRODUCTION
The definite integral can be used to find the area between a graph curve & the ‘X’ axis or ‘y’ axis between two given

of ‘x” or ‘y’. The area is called the area under the curve.
Area under the curve basically signifies the magnitude of the quantity that is obtained by the product of the

quantities signified by the x and the y axis.
AREA INCLUDED BETWEEN THE CURVE y = {(x),
X-AXIS AND THE ORDINATES x=a,x=b

A) Area bounded by the curve y = f(x), the x-axis and the ordinates at x = a and
b
x=Dbisgivenby A= Iy dx , where y = f (x) lies above the x-axis

and b > a. Here vertical strip of thickness dx is considered at distance x.

y = f{x)

a b
Graph of y = f(x)

Ex. Find the area enclosed between the curve y =x>+ 2, x-axis, x =1 and x =2

Sol. Graphofy=x*+2

(0,2)

13
3

Area= j(xz +2)dx = {X?}+2x

1
[S)
—

1

T T

Ex. Find the area bounded by y = sec? x, x = X3 & x-axis
Sol Area bounded = [*° dx = M2 oc? = [tanx]"? = tan E—tan£= J3 - 1 = is units
’ L/ay X L/ﬁ sec” xdx /6 3 6 3 \/§ J§ 4 '
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AREA UNDER THE CURVE

Sol.

Ex.

Sol.

©

Find area bounded by the curve y = /n x + tan' x and x-axis between ordinates x = 1 and x = 2.

y=/nx+tan'x

Domain x>0 dy 1 . 1 0
omam X=U kT x 14k’
yisincreasingand x=1,y= 7 = yis positive in 1, 2]

2
Required area = .[ (/n x +tan"' x) dx
1

2

= {xﬁn x—x+xtan’1x—%£n (l+x2)}
1

! 1
:2fn2—2+2tan*12—5 Mm5-0+1—tan!1+ 2 /n2

S A
=5 m2->5/n an'2— 7 -
(B) Ify = f (x) lies completely below the x-axis then A is negative and we consider
b b
the magnitude only, i.e. A= Iydx =- .[ f(x)dx

a b
|

Graph of y = f(x)

Find area bounded by y = log, x and x-axis betweenx =1 and x =2
2
A rough graph of y = log  x is as follows

2

2 2
Area:—.[loglxdx :—.[logex - log, e dx 0 N%\
1 2 1 2

=—log, e . [xlog, x—xJ;
2

=—log, e .(2log2-2-0+1)
2

=-log,e .(2log2-1)
2

Ifthe curve crosses the x-axis at x =c and f(x) > 0 for x € [a, ¢] and f(x) <0 forx € [c, b] (a <c <b) then areca bounded

b
I ydx

c b C
by curve y = f(x) and x-axis between x =a and x =b is If(x) dx— If(x) dx = J'ydx +
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T 37‘C
Ex. Find the area bounded by the curve y = sin2x, x-axis and the lines x = — and X =
n/2 3n/4 9 w/2 9 3n/4 T/'\
Sol. Required area = J sin 2xdx + j sin 2xdx|= ( cos Xj +‘( cos XJ 2ol
n/4 n/2 n/4 l
= ——[ 1-0]+ (O+( 1))‘—lsq. unit
Ex.

Find the area bounded by y = x* and x- axis between ordinates x=—1 and x =1
0 1

3 3
Sol. Required area= J._ X dX"'JX dx

-1 0
40 37! -1
X +X_ O 1
4 4
-1 0
=0 L) B Graph of y = x’
173 i > raph of y = x

AREA INCLUDED BETWEEN THE CURVE x = g(y),
Y-AXIS AND THE ABSCISSASy=c¢,y=d

A) If g (y) > 0 for y € [c,d] then area bounded by curve x = g(y) and y—axis between abscissa y = ¢ and

d d
y=dis [ g(y)ydy=[xdy
y=¢ ¢
y 3
— y:d

Graph of x = g(y)
(B) If g (y) £0 for y € [c,d] then area bounded by curve x = g(y) and y—axis between abscissa y = ¢ and

d
y=dis - g(y)dy =

y=¢

d
dey

Ex. Find the area in the first quadrant bounded by y =4x?, x=0,y=1andy=4. Y

4

Sol. Requiredarea = J xdy= _[ 5 dy = [2 ys/z}

71 32_11=2 1R _
= - [47-1] 3[8 1]

1

3
3 =23 sqg.units.
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AREA UNDER THE CURVE

n
Ex. Find area bounded between y = sin"'x and y—axis between y =0 and y = 2
Sol. =sin'x
y ) o A Yy
= X=siny
>
Requiredarea = _[sin ydy > X
0

T

—cosy]oE =—(0-1=1

Graph of y = sin"'x

Ex. Find the area bounded by the parabola x> =y and line y = 1.

Sol. Graph of y = x?

Required area is area OABO \B E A/

—2 area (OAEO) \§7

1
:2j|x|dy:2jﬁdy :g
0 0

AREA ENCLOSED BETWEEN TWO CURVES

(A)

(B)

©

Area bounded by two curves y = f (x) & y = g(x)

such that f (x) > g(x) is
A=W,
A= j [£(x) - g(x)ldx

yA %=f(y)

In case horizontal strip is taken we have

A= j [fly) - gly)idy

Ifthe curves y, = f (x) and y, = g(x) intersect at X = ¢, then required area

A= j dx+I(f x))dx —“f x)|dx

Required area must have all the boundaries indicated in the problem.
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Ex. Find the area bounded by the curve y = (x— 1) (x — 2) (x — 3) lying between the ordinates x = 0 and x = 3 and x-axis
Sol. To determine the sign, we follow the usual rule of change of sign.

y=+ve for x>3

y=-ve for 2<x<3

y=-+ve for 1<x<2 Y4

y=-ve for x<l1. C

B ND__F/
3 1 2 3 4 h >
[rvras=[1yldce [ Tyldx+[1y)dx SR X
E
1 2 3
:Io—ydx+jlydx+jz -ydx 7(0, —6)

Now let F(x) :J.(xfl)(fo) (x-3)dx

1 11

= (¢ —6x7+ 11x—6)dx= - x'—2x'+ = x'~6x.
4 2
9 9
F(0)=0,F(1)=- 3. FQ)=-2,F3)=—7 .

Hence required Area=—[F(1)—F(0)] +[F(2)-F(1)]-[F3)-F(2)]=2 % sq.units.

Ex. Find the area of the region bounded by y = sin x, y = cos x and ordinates x =0, x = 1/2
/2
Sol. J. |sinx —cosx | dx
0
n/4 /2
j (cosx —sinx)dx + .[ (sinx —cosx)dx =2 (x/z—l)
0 n/4
Ex. Compute the area of the figure bounded by the straight lines x = 0, x = 2 and the curves y = 2%, y = 2x — x%

Sol. Figure is self-explanatory y=2% (x— 1)>=—(y—1)
) R(2,4)
The required area = IO (v, —y,)dx

2
wherey =2* and y,=2x-x*= IO (2" —2x + x%)dx

2
2, 1., (4 8) 1 3 4 0 M
- X +=x"| =|—-4+=- | — = —-— i (2,0)
an 3 l 2 3) 2z Iz 3 4"
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AREA UNDER THE CURVE

Ex. Find the area enclosed by curve (graph) y = x> + x + 1 and its tangent at (1,3) between ordinates
x=—landx=1.
dy
. — =2x+
Sol dx 2x+1
d
&y =3atx=1
Equation of tangent is
y-3=3(x-1)
y=3x
1
Requiredarea = '[(x2 +x+1-3x) dx
-1

1 3 !
= J(x2—2X+1) dx:%—x2+x}
-1 1

1 1 2
— | =141 _|—==-1-1] = = —
(3 j (3 j 372

To find approximate shape of a curve, the following phrases are suggested :

w | o

CURVE-TRACING

(A) Symmetry
@) Symmetry about x-axis

If all the powers of 'y' in the equation are even then the curve (graph) is symmetrical about the x-axis.

a>0
E.g.:y*=4ax.

(ii) Symmetry about y-axis

If all the powers of 'x' in the equation are even then the curve (graph) is symmetrical about the y-axis.

a>0

E.g.: x’=4ay.
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(B)

©

D)

E)

206

(iii) Symmetry about both axis
If all the powers of 'x'and 'y' in the equation are even, then the curve (graph) is symmetrical about the axis

of x'aswellas'y'.

E.g.: x*+y*=a%

(iv) Symmetry about the line y = x
If the equation of the curve remain unchanged on interchanging 'x' and 'y', then the curve (graph) is
symmetrical about the line y =x.

a>\0

E.g.: x*+y*=3 axy.

v) Symmetry in opposite quadrants
If the equation of the curve (graph) remain unaltered when 'x' and 'y' are replaced by —x' and -y’ respectively,

then there is symmetry in opposite quadrants.

Find the points where the curve crosses the x-axis and the y-axis.

d
Find d_y and equate it to zero to find the points on the curve where you have horizontal tangents.
X

Examine intervals when f(x) is increasing or decreasing

Examine what happens to 'y’ when x — oo or x — — o0



AREA UNDER THE CURVE

Asymptotes

Sol.

Sol.

Ex.

Sol.

Asymptote(s) is (are) line (s) whose distance from the curve tends to zero as point on curve moves towards infinity
along branch of curve.

@ If Lim f(x)=wor Lt f(x)=-o0,thenx=aisasymptote of y=f(x)

(ii) If Lim fix)=kor Lt f(x)=k theny=kisasymptote of y=f(x)

iy If Lim 1) —py
X

X—0

" XEtm (f(x) -m x)=c, , then y =m x +c, is an asymptote (inclined to right).

(iv) If Lim LG m, {;12 (f(x) -m,x) = c,, then y =m,x + ¢, is an asymptote (inclined to left).

—00
X—> X

Find the area of a loop as well as the whole area of the curve a’y? = x? (a> — x?).

The curve is symmetrical about both the axes. It cuts x-axis at (0, 0), (—a, 0), (a, 0)

Areaofaloop:2j§ydx:2f§§ a’ —x%dx Y
O
_ %Ig Va? = %2 (-2x)dx :_ﬂé(aZ - X2)3/2:|: - % @ X o
2

Total area =2 x 3 a’= %az sq.units.

Find asymptote of y = ™
Lim y= Lime™*=0

X—>0 X—0

y=0

Graph ofy =e™
y = 0 is asymptote.

Find the whole area included between the curve x%y? = a*(y* — x*) and its asymptotes.

@) The curve is symmetric about both the axes (even powers of x & y)
(ii) Asymptotes are x =+ a
A =4fydx y
0
o ax .
=4 | —=dx X=—a dx|[X=a x
!). va® —x*
=4al-+a® —x*

0
=4a’
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Ex. Find asymptotes of xy = 1 and draw graph.
i \
Sol. =—
) Y=

. . . y=0
Iiggl y= I;LI}? L = x =0 is asymptote. x=0
. .1 .
Lim y=Lim — =0 = y = 0 is asymptote.
X—>0 X—>0 X
Ex. Find the area bounded by the curve xy? = 4a*(2a—x) and its asymptote.
Sol. @) The curve is symmetrical about the x-axis as it contains even powers of y.
(ii) It passes through (2a,0).
(iii) Its asymptote is x =0, i.e., y-axis.
y“ 2a 2a 2a—
A :2Jydx :2J2a a7 X 4x
0 0 X
Put x =2a sin’0
(22,0) X
n/2
A= 16a2 I cos” 6d0
0
) =4ma’
( )

(i) If a function is known to be positive valued then graph is not necessary.

b
(i) Most general formula for area bounded by curve y =f(x) and x- axis between ordinates x =a and x =b is '[| f(x)|dx

(iii) If y = f(x) does not change sign in [a, b], then area bounded by y = f(x), x-axis between ordinates

b

j f(x) dx

a

Xx=a,x=Dbis

(iv) General formula for area bounded by curve x = g(y) and y—axis between abscissa y = ¢ and

5 d
y=dis [ lg(y)|dy

b
(v) Area bounded by curves y = f(x) and y = g (x) between ordinates x =a and x =b is I| f(x)—g(x)|dx .

(vi) If the curve is symmetric and suppose it has 'n' symmetric portions, then total area = n (Area of one symmetric
portion).

. J
IMPORTANT POINTS

A) Since area remains invariant even if the co-ordinate axes are shifted, hence shifting of origin in many cases proves
to be very convenient in computing the area.

t=B t=8
.. . d d
B) If the equation of the curve is in parametric form, then A = I yd—}:.dt or I xd—s‘:.dt, where o & P are values
t=a t=y

corresponding to values of x and y & § are values corresponding to values of y.
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AREA UNDER THE CURVE

© If y = f (x) is a monotonic function in (a, b), then the area bounded by the ordinates at x = a, x = b,

y=f(x)andy= f (c) [where c € (a, b)] is minimum when ¢ = a erb .

Proof  Let the function y = f (x) be monotonically increasing.

c b
Required area A = [ [flc) — f(x)ldx + [ f(x) - flc)ldx

a

For minimum area, (;—A =0
c

= [f '(c).c+ fle) = f(c)a — flel +[=fle) = f (c).b+ f(c).c+ flc)] =0

, _a+b _
= f(c){c 5 }—O

a+b
= c=" s f'(c)=0)
Ex. Find the area enclosed by [x — 1|+ [y + 1] =1. (0,1)
Sol. Shift the origin to (1, ~1). 2
X=x-1 Y=y+1 (-1,0) (1,0)
XI+[Y|=1 (0-1)
Area=+/2 x2 =2 sqg. units
Ex. Find the area bounded by x-axis and the curve given by x = asint, y = acost for 0 <t <.
b T 2 2 . “ 2
Sol. Area= Iyd_x,dt :Ja cost(acost)dt :a—j(l +cos2t)dt = a t+ sin 2t :a—|Tc| _ra
o dt 0 2 2 o 2 2
Alternatively,
b4 d n 2 |n 2 in2t n 2
Area :jx—y.dt = jasin t(—asin t)dt =2 j(cos 2t—1)dt _a | snet T
o dt : 20 A 2
Ex. Find the area of the figure bounded by one arc of the cycloid x = a(t — sint), y = a(l — cost) and the
X-axis.
Sol. To find the points where an arc cuts x-axis
a(l—cost)=0 = t=0,m
sin2t

b dx b 3
Area:J.yd—dt =Ja2(1—cost)2dt =a?|2t—-2sint +
o dt 0 2

* 2| 37 3na’
=a —_— =
0 2 2
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Sol.

Ex.

Sol.

Find the value of'a’ for which area bounded by x =1, x=2, y=6x2 and y=f(a) is minimum.

Letb=f (a). }y=6x2
Ya /i
T t . o AA—y=f(a
A = [(b-6x")dx + [(6x° ~b)dx =[ox ~2x°[" +[2x* ~bx| 7 | y=1(@)
1 a : :
=8a’-18a’+18 « P x#a .
x=1 x=2
dA J
For minimum area —— =0
da
= 242>—36a=0 = a=1.5

Ify=g(x) is the inverse of a bijective mapping f:R — R, f (x) = 6x° + 4x* + 2x, find the area bounded by g(x), the x-

axis and the ordinate at x = 12.

fx)=12

=

AY
E(0,12)fvm-D y=x

6 TAX+H2x=12 = x=1 y=lx)
12 1 y=9(x)
I g(x)dx = area of rectangle OEDF — If(x)dx A7 LT B
0 0

h 0 F(1.0 2y
—1x 12— [(6x° +4x° +2x)dx =123 =9 5q. units. (1.0)  c(12,0)

0

USEFUL RESULTS
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)
(B)
©
D)

E)

Whole area of the ellipse, x¥/a? + y?/b? = 1 is mab sq.units.
Area enclosed between the parabolas y?> = 4 ax & x> =4 by is 16ab/3 sq.units.
Area included between the parabola y* =4 ax & the line y = mx is 8 a%/3 m? sq.units.

The area of the region bounded by one arch of sin ax (or cosbx) and x-axis is 2/a sq.units.

1 b
Average value of a function y = f(x) over an interval a <x <b is defined as : y(av) = b If(x)dx .
—a



AREA UNDER THE CURVE

TIPS & FORMULAS

The area bounded by the curve y = f(x), the x-axis

and the ordinates x = a & x = b is given by,

b b
A= [f(x)dx = [ydx.

/'@/
ard

0]

If the area is below the x-axis then A is negative. The convention is to consider the magnitude only i.e.

A= in this case.

b
jydx

The area bounded by the curve x = f(y), y-axis & abscissa

d d
y=c,y=d is given by, Area = dey = .[f(y)dy

Area between the curves y = f(x) & y = g(x) between

the ordinates x =a & x =b is given by,

A= j‘f(x)dx - Tg(x)dx

= I[f(x) - g(x)]dx

y

N
y=d

X2\ x=f(y)
dyl
y=¢ ~—
> X
(0] X=a x=b

N =)

-
N |~ y=g(X)

1 b
Average value of a function y = f(x) w.r.t. x over an interval a <x <b is defined as : y(av) = Ejf(x)dx .

Curve Tracing

The following outline procedure is to be applied in Sketching the graph of a function y = f(x) which is turn will be
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212

extremely useful to quickly and correctly evaluate the area under the curves.

A) Symmetry : The symmetry of the curve is judged as follows :
@) If all the powers of y in the equation are even then the curve is symmetrical about the axis of x.
(ii) If all the powers of x are even, the curve is symmetrical about the axis of'y.
(iii) If powers of x & y both are even, the curve is symmetrical about the axis of x as well as y.
(@iv) If the equation of the curve remains unchanged on interchanging x and y, then the curve is
symmetrical abouty = x.
W) If on interchanging the sign of x & y both the equation of the curve is unaltered then there is
symmetry in opposite quadrants.
(B) Find dy/dx & equate it to zero to find the points on the curve where you have horizontal tangents.
© Find the points where the curve crosses the x-axis & also the y-axis.
D) Examine if possible the intervals when f(x) is increasing or decreasing. Examine what happens to ‘y’ when
X —> 00 Or —00.
Useful Results
A Whole area of the ellipse, x*/a? + y*/b*> =1 is 1t ab.
(B) Area enclosed between the parabolas y*>= 4ax & x*> = 4by is 16ab/3.
© Area included between the parabola y*> =4 ax & the line y = mx is 8a%/3m’.
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