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Binomial Theorem
and Principle of
Mathematical Induction

An algebric expression consisting of two terms with positive and
negative sign between them is called binomial expression.

Binomial Theorem for Positive Integer

If n is any positive integer, then
(x+a)" ="Cyx" +"Cix" la+ "Cox" *a*+..4"C, a".

n

Le. (x+a)" = Z *C,x" "a" ...Q0)
r=0

where, x and a are real numbers and " C,, "C,, "C,,...,"C, are called
binomial coefficients.
Also, here Eq. (1) is called Binomial theorem.

C.=———for0<r<n.
rli(n —r)!

Properties of Binomial Theorem for Positive Integer
(1) Total number of terms in the expansion of (x + a)" is (n + 1) Le.
finite number of terms.

(11) The sum of the indices of x and a@ 1n each term 1s n.

(111) The above expansion i1s also true when x and a are complex
numbers.

(iv) The coefficient of terms equidistant from the beginning and the
end are equal. These coefficients are known as the binomial
coefficientsi.e. "C,="C,_,,r=0,1,2,..., n.

(v) The values of the binomial coefficients steadily increase to
maximum and then steadily decrease.

(vi) In the binomial expansion of (x + @)", the r th term from the end

18 (n —r + 2)th term from the beginning.



(vi1) If n is a positive integer, then number of terms in (x + y + 2)" 1s
(n+1)(n+2)
5 :

Some Special Cases
(1) (.‘XJ— a)n — nco 1 — nclxn—la_'_ n an—2a2 _ nchn—iiai%

+.+(=D""C, a"
ie.(x—a)" =Y (-1) "C,-x""-d’
r=0

(i) L+ x)" ="Cy+ "Cx + "Cox* + ...+ "C. x" +...+ "C, x"

le. (1+x)" = Z i S

r=0
(i) (1- x)" = "Cy— "Cyx + "Cox* = "Cyx® +...+ (-1)" "C, x"

+..4+ D) "Cx"

ie. 1-0"=Y 1) "C -«
r=0

(iv) The coefficient of x” in the expansion of (1 + x)" is " C, and in the
expansion of (1 — x)" is (-1)" "C,.

W @ @x+a)" +(x-a)" =2("Cx"a’ +"Cox " *a*+...)
b) (x+a)" —(x—a)" =2("Cx" "a+"Cox " %d® +...)

(vi) (a) If n is odd, then (x+a)" +(x— a@)" and(x+ a)" —(x— a)"

both have the same number of terms equal to (n -ZI_ 1).
(b) If n is even, then (x + a@)" + (x — a)" has (% B IJ terms.

and (x + @)" — (x — a@)" has (g) terms.

General Term in a Binomial Expansion

(i) General term in the expansion of (x + a)" is

T — RC?. xn—r a?'

r+l1 =
(i) General term in the expansion of (x — @)" is
T _(_l)r RCJ' X "

r+l1 —



(ii1)) General term in the expansion of (1 + x)" is
Foni ="C 5"
(iv) General term in the expansion of (1 — x)" is
Thyy=(-1) "C.x’
Some Important Results

n
(1) Coefficient of x™ in the expansion of (axp - %) is the coefficient

x
of T, ., wherer = & i
p+q
b n
(11) The term independent of x in the expansion of (axp + —q) 1s the
X
coefficient of 7'. ., where r = L A
pP+q

(111) If the coefficient of rth, (r + 1) th and (r + 2) th term of (1 + x)" are
in AP, then n” - (4r+Dn+ 4r*=2
(iv) In the expansion of (x + a)",
v AR _ n—r+1xa

= =

r

r X
(v) (a) The coefficient of x™ ~! in the expansion of

(x-1D(x-2)...(x—n)=- w

(b) The coefficient of x” ' in the expansion of

(x+1)(x+2)..(x+n)= 20 FD

(vi) If the coefficient of pth and gth terms in the expansion of (1 + x)"
are equal, then p+qg=n+ 2.

n
(vii) If the coefficients of x” and x” " ! in the expansion of (a - %) are

equal, thenn=00 +1)(ab+1)— 1.

(vii1) The number of terms in the expansion of
(4 + X +...+x) is*T77IC, .

Middle Term in a Binomial Expansion

(1) If n 1s even in the expansion of (x + a)’or (x — a)”, then the

middle term 1s (% + 1) th term.



(11) If n is odd in the expansion of (x + @)" or(x — @)", then the middle

(n+1) (n+ 3)
2

terms are th term and th term.

Note When there are two middle terms in the expansion, then their
binomial coefficients are equal.

Greatest Coefficient
Binomial coefficient of middle term is the greatest binomial coefficient.

(1) If n is even, then in (x + @)" , the greatest coefficient is " C,, .

(11) If n is odd, then in (x + )", the greatest coefficient is " C

n-1
2
n
or "C, ;|
2

Greatest Term

In the expansion of (x + a)”,

. +1 . :
(1) If T isan integer = p (say), then greatest terms are
—+1
a
T,and T, .
. +1 . . . . +1
(1) If T2 isnot an integer with m as integral part of Z , then
il | LA |
a a

T, .1sthe greatest term.

Divisibility Problems

From the expansion, (1 + x)" =1+ "Cix + "Cox*+...+ "C,x"

We can conclude that
i) (1+x)" —1="Cix+ "Cox*+..+ "C, x" is divisible by x i.e. it is a
multiple of x.
or 1+2x)" —1=M(x)

11 + 2" —1—nx="0Cx*+"Cx> +..+ x" = X
1 n 1 n 5 2 n 4 3 ncn n M 2

(i) (1+x)" — 1 na — wﬁ = "G+ Cth 4 MO x" = M (o)



Important Results on Binomial Coefficients
If C,,C;,C,,....,C, are the coefficients of (1+ x)", then

@ "C.+"C._ ,="*'C,

n

C, n
11 = —
@ =7
(iii) . _n—r+1
r—1 r

iv) C,+C, +Cy+...+C, =2"
V) Cg+Cy+C,+...=C, +Cy +C5 +...=2" "1

i) C,—=Cy+C, - Cy +... =(J2)" cos%

(i) C, = C, +C — C; +...= (J2)" sin%

(viii) C, —=C, +Cy = Cy +...+(=1D)" C, =0
(ix) C;-2-Cy+3-Cy—...=0
x) Co+2-C,+3-Co+ ...+(n+1)-C,=(n+2)2"!
i) C,C, +CC,, +..+C,_,C,=*"C, _,
_ 2n _ (2n)!

" (=)l (n+r)!
. : ) o !
(n!)
2_J 0 if n is odd.
(xiil) C2-C2+C2-C2+..+(-1)"-C:=] . 1. n 1.s 0
(-D™=-"C,,,ifn is even.

(xiv) C,* - 2C,°+3Ci—...+(-1)" n-C?

=(-1)2 .—. —————,when n is even.
: (E)v(i);
2)\2)
€ c, 2"-1
244+ =
n+1l (n+1)
Q+&—%+...+(—1)” S &
2 3 4 n+1 n+1

xv) Cy + % +

(xvi) C, —




. c, C, C c, (3Y
xvil) Cy+ L+ =224 5B 4 420 | =2
Gm) Got ety 2" ()

n r r r
(xvii1) Z(—l)" ”C,.{zlr + 232r + 273). + 12?}. +....upto m terms}
r=0

3 zmn _ 1
zmn (2}3‘, _ 1)

Multinomial Theorem
For any ne N,

i n! . .
1) (% + x9)" = Z x1x2

n _ 1 472 T
(1) (x; + x5 +..+x,)" = Z T XX X
ri+ro+.+rp=n "1°12*"k"
(111) The general term in the above expansion is
n! .
- x{j. x;.).' .. x;”k
rlrl..r! ’
(iv) The greatest coefficient in the expansion of (x; + x, +... + x,,)" is
n!

@) g+ D"
respectively, when n is divided by m.

where g and r are the quotient and remainder

Some Important Results

(1) If n1s a positive integer and q,, a,,..., a,, € C,then the coefficient

of x” in the expansion of (@, + ayX + asx” + ...+ @, ™ 1) is

n! :
Z aflx agz .alm,
nlnyl...n,!

(1) Total number of terms in the expansion of (a+ b+ c+d)" 1is
(n+1)(n+2)(n+3)

6

R-f Factor Relations

If (\/Z + B)" =1+ f where I and n are positive integers, n being odd
and 0< f< 1, then (I + f)f = k", where A— B*=k>0and VA - B< 1.



Binomial Theorem for Any Index

If n is any rational number, then

n(n-1) w21 n(n—l)(n—Z)xg
1-2 1-2-3

(1) In the above expansion, if n is any positive integer, then the

series in RHS is finite and if n is negative/ rational number, then
there are infinite number of terms exist.

A+x)"=1+nx+ +..,lxl<1

(i1) General term in the expansion of (1 + x)" is
T - n(n—-1)n-2)...[n-(F-1)] o

r+1 = '
r.

(111) Expansion of (x + a@)" for any rational index

Case I When x> a i.e.g<1
X

In this case, (x + a)" = {x (1 - E)} =x" (1 + E}
X x

Y PR N n(n—l)(g)2 N n(n-1)(n-2) (2)3 .
- X 21 X 3! X

Case II When x< a i.e. £< 1
a

In this case, (x + a)" = {a (1 + f)} =q" (1 + f)
a a

=a"{1+ n-f+M(Ef+ n(n—l)(n—z)(£)3+
) a 2! a 31 o e

n(n+1)x2+ n(n+1)(n+2)x3 N

w) 1-x)"=1+nx+

12 1-2-3
N nn+1)(n+2)...(n+r-1) o+
r!
V) A+x)"=1- nx+%x2— i +13)!(n +2)x3 +...
+(-1) nn+1)(n+2)..(n+r —1)x,. N
r!
vi)1-x)"=1- nx+%x2— G _13)!(71_2)355 +...

»nn—-L(n —r2!)...(n -r+1) T

+(-1)



i) A+ %)t =1-x+2% - +...+(-D" x"+...

(id)) 1 -x) P =1+x+ 2 +2° +... +x"+...
(x) 1+ x)2=1-2x+3x"— 42" +...+ (1) (r + )x" +...
X (1-x)"=1+2x+3x+4%° +.+r +1)x" +...
(xi) (1+x)° =1- 3x+ 6x% —10x° +...00

(xil) (1- %) =1+ 3x+ 6x° + 102" +...00

(xiii) (1+ x)" =1 + nx, if x%, x°, ... are all very small as compared to x.

Principle of Mathematical Induction

In an algebra, there are certain results that are formulated in terms of
n, where n 1s a positive integer. Such results can be proved by specific
technique, which is known as the principle of Mathematical Induction.

Statement

A sentence or description which can be judged either true or false, is
called the statement.

e.g. (1) 3 divides 9.
(1) Lucknow 1s the capital of Uttar Pradesh.

1. First Principle of Mathematical Induction

Let P(n) be a statement involving natural number n. To prove
statement P(n) is true for all natural number, we follow following
process

(1) Prove that P(1)1is true.
(11) Assume P(k)is true.
(111) Using (1) and (1) prove that statement is true for n = &k + 1,
1.e. P(k+ 1)1is true.

This is first principle of Mathematical Induction.

2. Second Principle of Mathematical Induction
In second principle of Mathematical Induction following steps are used:
(1) Prove that P(1)1is true.

(11) Assume P(n)is true for all natural numbers such that 2< n < k.
(111) Using (1) and (i1), prove that P(k + 1) is true.
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