DCAM classes

Dynamic Classes for Academic Mastery

Sequences
and Series

Sequence

Sequence 1s a function whose domain is the set of natural numbers or

some subset of the type {1,2,3,...,k}. We represents the images of

1,2,3,...,n,...as f,f5, f5,.... f,..., where [ = f(n).

In other words, a sequence is an arrangement of numbers in definite

order according to some rule.

e A sequence containing a finite number of terms is called a finite
sequence.

e A sequence containing an infinite number of terms is called an
infinite sequence.

e A sequence whose range is a subset of real number R, is called a
real sequence.

Progression

A sequence whose terms follow a certain pattern is called a progression.
Series

If aq,049,04,...,a,,... 1s & sequence, then the sum expressed as

a+ay+ag +...+a,+.. 1s called a series.

e A series having finite number of terms is called finite series.
e A series having infinite number of terms is called infinite series.

Arithmetic Progression (AP)

A sequence in which terms increase or decrease regularly by a fixed
number. This fixed number is called the common difference of AP.
e.g. a,a+d, a+ 2d,... is an AP, where a = first term and d = common
difference.



nth Term (or General Term) of an AP
If a 1s the first term, d 1s the common difference and [/ 1s the last term
of an AP, 1.e. the given AP i1s a,a+d,a + 2d,a + 3d,..., [, then

(a) nth termisgivenbya, =a+(n—-1)d

(b) nthtermofan AP from the last termisgivenbya, =/-(n - 1)d

Note
() a,+a,=a+1
l.e. nth term from the begining + nth term from the end

= first term + last term
(i) Common difference of an AP

d=a,-4a,_1,Yn>1
1
(i) a, :E[an—k +a, ) k<n

Properties of Arithmetic Progression
(1) If a constantis added or subtracted from each term of an AP, then
the resulting sequence i1s also an AP with same common
difference.

(11) If each term of an AP is multiplied or divided by a non-zero
constant %, then the resulting sequence is also an AP, with

common difference kd or > respectively, where d = common

difference of given AP.

() Ifa,,a, ., and a, , , are three consecutive terms of an AP, then
2an+1 =Q, Q0.

(iv) If the terms of an AP are chosen at regular intervals, then they
form an AP.

(v) If a sequence is an AP, then its nth term is a linear expression in
n, l.e. its nth term is given by An + B, where A and B are
constants and A = common difference.

Selection of Terms in an AP
(1) Any three terms in AP can be taken as
(a-d),a, (a+d)

(11) Any four terms in AP can be taken as
(a-3d),(a—d),(a+d),(a+ 3d)

(111) Any five terms in AP can be taken as
(a-2d),(a-d),a,(a+d),(a+ 2d)



Sum of First n Terms of an AP

Sum of first n terms of AP, is given by

S, =g[20:+(n—1)d]=%[a+l],where [ = last term

Note
(i) A sequence is an AP iff the sum of its first n terms is of the form
An® + Bn,where A and B are constants and commmon difference in such
case will be 2A.
(i) @, =S, -=S,_ql.e.
nth term of AP = Sum of first n terms — Sum of first (n — 1)terms

Arithmetic Mean (AM)
(1) Ifa, A and b are in AP, then A1is called the arithmetic mean of a

and b and it is given by A = D
(1) Ifa,,a,,a,,...,a, are n numbers, then their AM is given by,
A Bt At ta,
n
(1) Ifa, A, A, As,..., A, ,barein AP, then
(a) A, Ay, As,..., A, are called n arithmetic mean between a
and b, where
na+ b
—a+d=
4 n+1
A :a+2d:(n—1)a+2b
2 n+1
A, =a+nd=a+nb and d = G
n+1 n+1

(b) Sum of n AM’s between a and b is nA

56 it Aot s b ok A= 7, FhETS A=




Important Results on AP

() Ifa,=qganda,=p,thena, ,=0,a =p+q-r

(i) If pa,=qa, thena, ,=0

(iii) If a,= (—? anda, = %, thena,, =1

(iv) IfS,=qgandS,=p, thenS,, ,=-(p+9
(v) If5p =5q,then Sp+q =0
(vi) If a®,b? and ¢? are in AP, then

1 1 1 and 4 b , £ both are also in AP.

b+c c+a a+b b+c c+a a+b

(vii) Ifa,, a,,..., a, are the non-zero terms of an AP, then

1 1 1 1 n-—1
+ + +...t =

aa, Gdad a3d, a, .4, a4,

Geometric Progression GP

A sequence in which the ratio of any term (except first term) to its just
preceding term 1s constant throughout. The constant ratio is called

common ratio (r).
a

ie. “ntl —p V21

an
If a 1s the first term, r is the common ratio and / is the last term of a
GP, then the GP can be written as a, ar,ar?,...,ar" ™, ... L

nth Term (or General Term) of a GP

If a 1s the first term, r 1s the common ratio and [/ is the last term, then

(i) nth term of a GP from the beginning is given by a, = ar™ ™!

(ii) nth term of a GP from the end is given by a, = nl—r
r
(111) The nth term from the end of a finite GP consisting of m terms
isar™™",

iv) a,a, =al
1.e. nth term from the beginning x nth term from the end
= first term x last term

Properties of Geometric Progression

(1) If all the terms of GP are multiplied or divided by same non-zero
constant, then the resulting sequence is also a GP with the same
common ratio.

(11) The reciprocal of terms of a given GP also form a GP.



(111) If each term of a GP is raised to same power, then the resulting
sequence also forms a GP.

(iv) If the terms of a GP are chosen at regular intervals, then the
resulting sequence is also a GP.

(v) If ay,a9,a5,....,a, are non-zero and non-negative term of a GP,
then log a;,loga,, log as ,... , log @, are in an AP and vice-versa.

(vi) If @, b and c are three consecutive terms of a GP, then b” = ac.

Selection of Terms in a GP

(1) Any three terms in a GP can be taken as a ,aand ar.
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(11) Any four terms in a GP can be taken as car and ar’.
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(111) Any five terms in a GP can be taken as .a,ar and ar’.
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Sum of First n Terms of a GP

(1) Sum of first n terms of a GP is given by

[
a(l- )1fr <1
1-r
S, =4 2" -1 ifr >1
r—1 7
na, ifr=1
.. a—Ir Ir—a
1) S, = ,r<lorS§, = ,r>1
-r r—1

where, [ = last term of the GP

Sum of Infinite Terms of a GP
a

@) If [r|<1, then S_

1-r
(11) If |r[=1, then S_ does not exist.

Geometric Mean GM

(1) Ifa,G, barein GP, then G is called the geometric mean of a and
b and is given by G = Jab.

(11) GM of n positive numbers a,,a,,as,...,a, are given by
G = (@ay...a,)""



(iii)

Ifa,Gy, Gy, Gs,...,G, , bare in GP, then

(a) Gy,Gy,Gy,...,G,, are called n GM’s between a and b, where
1

G, =ar= a(EJnH .
a

2

G, = ar? = a(EJ s
a

n 1

G, =ar" = G(EJRH and r =(EJR+1
a a

(b) Product of n GM’s,
G, x Gy X Gy X...x G, =G", where G = Jab

(vii)

(viii)
(ix)

Important Results on GP

x""9\p-q
Ifa,=x and a, =y, thena, =( =

y"P
Ifa,.,=panda,_, =q,then
m

2n
o e, o1
If @, b and c are the pth, gth and rth terms of a GP, then
a?7 " xb" P x P9 =1
Sum of n terms of b + bb + bbb + .. . is

b(10(10" —1
g, =2 200D lpora o
9 9

Sumofntermsof 0-b+0-bb+ 0-bbb+...is

o —-n
an=9 n—M ;6=1,2,...,9
9 9

Ifa,, a,,a,...,a,and b, b, b;,..., b, are in GP, then the sequence
a,tb,a, £b, a; £ b .. .willnot beaGP.

If pth, gth and rth term of geometric progression are also in geometric
progression, then p, g and r are in arithmetic progression.

If a, b and carein AP as well asin GP, thena=b=c.

If a, b and c are in AP, then x?, x® and x“ are in geometric progression.




Harmonic Progression (HP)
A sequence q,,a,, s ,..., @, ,... of non-zero numbers is called a Harmonic

Progression (HP), if the sequence L , L3 . L3 yeees L, 1s in AP.

a, Qg a5 a,

nth Term (or General Term) of Harmonic Progression
(1) nth term of the HP from the beginning

1
a, =
L+(n_1)(i_i)
4 G2 G
a Ay

ay+(n—-1) (¢ — ay)

(11) nth term of the HP from the end
o - 1 Q, asl

" 1_(n_1)(1_1J=a1a2—l(n—1)(a1—ag)’

Qg

where [ 1s the last term.
1 1 1 1 1

i L+ L=l n
a a’ a | Firstterm of HP Last term of HP

n n

av) a, = ,if a,d are the first term and common difference

of the corresponding AP.
Note There is no formula for determining the sum of harmonic series.

Harmonic Mean

(1) If a, H and b are in HP, then H is called the harmonic mean of
2ab

a+b

a and b and i1s given by H =

(11) Harmonic Mean (HM) of o, a,, as,..., @, 1s given by
1 1(1 11 1)
—=—| =+ —+ =+ +—

m) If a,H,,H,,H,,....,H, ,b are in HP, then
(ii1) 1,19, 13 n
(a) HlaHQaH{-ga"'aHn

are called n harmonic means between a and b, where



_ (n+ 1ab

H, )
a+ nb
_ (n+1)ab
> 9a+(n-1)b
_ (n+1Dab
* 3a+(n-2b
o - (n+1)ab _(n+1ab
" na+(n-(n-1)>b na+b
(b) L + L + ! +...+L=£,Where H = el
H, H, H, H, H a+b

Important Results on HP
(i) IfinaHP,a,,=nanda,=m, then
mn mn

m+n=—'amn=1'ap=_
m+n p

a

(i) IfinaHP, a,=qr and a,=pr,
thena, =pq

(iii) If His HM between a and b, then
@) (H-2a)(H-2b)=H?>

1 1 1 1

=t —

H-a H-b a b

H+a H+b
—+ =

H-a H-b

(b)

(c)

2

Properties of AM, GM and HM between Two Numbers

1. If A, G and H are arithmetic, geometric and harmonic means of
two positive numbers a and b, then

(1) A=a+b,G=«/@,H= Q(Ibb
a+
11 =G 2
) A2G=>H
i) G% = and so A,G,H are 1n .
(iii) G®*= AH and so A,G,H GP
[A, if n=0
n+1 n+l
@) &t g ifn=-1

a" +b" _ 2
H, fn=-1



2. If A\ G,H are AM, GM and HM of three positive numbers
a, b and ¢, then the equation having a, b and c as its root is

3
X —3Ax2+£x—G3 =0
H

where, A= %b-l—c, G = (abc)?
1 1 1
1 "
and —=|a b c
H 3

3. If number of terms in AP/GP/HP are odd, then AM/GM/HM of

first and last term is middle term of progression.

4. If A, A, betwo AM’s, G, G, be two GM’s and H,, H, be two HM’s
between two numbers a and b, then

GG, A+ A
HH, H, +H,

Arithmetic-Geometric Progression

A sequence in which every term is a product of corresponding term of
AP and GP is known as arithmetic-geometric progression.

The series may be written as
a,(a+d)r,(a+2d)r*(a+3d)r’,... [a+(n-1d]r*!
a . dr(1-r""1 _{a+(n-Ddir"
1-r (1-r)* 1-r

Then, S, = JAfr#1

S, =%[2a+(n—1)d], if r=1

a dr

Also, S_ = + 5
1-r (1-r)

if[r <1

Method of Difference

Let a; + a, + a3 +... be a given series.

Case 1 1If a, - a;,a; — a,,... are in AP or GP, then q, and S, can be
found by the method of difference.

Clearly, S, =a,+a,+a3+a,+...+aq,

or S, = ata,tag+...+a, ;+a,



So, S-S, =a;+(ag—ay)+ (a3 —ay)+(a,—a3)+(a, —a, _1)—a
= a,=a;+(a,—a)+(ag —ay)+...+(a, —a, ;)
an =a1+T1+T2+1—;.; +...+Tn_1

n

where, 177,75, T;,... are terms of new series and S,, = Za,

Case II It is not always necessary that the sequence of first order of
differences i.e. ay, — a;, a3 — ay,...,a, — @, _;,... is always in AP or in
GP. In such cases, we proceed as follows.

Let =T ,ap-ay=Th, a3 —ay=T13,...,a, —a, =T,
So, a, =T +T5+...+ T, (1)
a, = L+T5+..+T,, +T, ...(11)
On subtracting Eq. (1) from Eq. (i1), we get
T,=T1+ (T, -T)+ T3 -Ty)+ ..+ (T, - T, 1)

Now, the series (T, — T}) + (15 —= Ty) + ...+ (T, — T,,_,) is series of second
order of differences and if it is either in AP or in GP, then a, = XT..

Otherwise, in the similar way, we find series of higher order of
differences and the nth term of the series.

Exponential Series

The sum of the series 1+l+l+l+i+... oo 1s denoted by the
1! 2! 3! 4!
number e.
1 1 1 1
e=1+—+—+—+—+
1! 2! 3! 4!
(1) elies between 2 and 3.
(11) e1s an irrational number.
2 .3
(i) e =1+ 2 +2 +2 4 o xeR
1! 2! 3!
2 .3
(iv)e_x:1—£+x——x—+...oo,xeR
1! 2! 3!

a
(v) For any a> 0, a* = e*°8¢

2 3
=1+ x (log, a)+%(loge a)’ + %(loge a) +...0,xeR



Logarithmic Series

(i) 10g9(1+x)=x—%+%—x—+...oo,(—1<xS1)

Z( 1)”*1— (-1<x<1)

n=1

(i) log, A-x)=—x—- -2 % _ o (-1gx<1)

:>—loge(1—x)=x+%+—+x—+...m,(—1$x<1)
3

3
1+x X x°
11) lo =2|x+—+—+...00o|(-1l<x<1
(i) ge(l_x) ( 2 J( )
-+ oo

(iv) log, 2=1-

| =
ol —

L1
3

L\alr—'

Some Important Series

oo

. c - 1
1 =
()n:un’ Z 1)' Ek(n—k)!
- 1 1 1
11 —_—= —_ co=¢— 1
()Zl BETRETET
W w1 1 1 1
111 — = — 4+ — oc=¢— 92
( )EQ ETRETRPY
(iv) 2 R L
0(n+1)' 11 2! 3!
® 3 - s e,y
n_l(n+1)' n+2)‘ 2! 3! 4!
oo -1 oo
I T SN PR S i - S S
~(2n)! 21 4! 6 2~ (2n-2)!
1 1 1 e—el 1
Vil —+—+—=+...= =
()nzl(zn—1)v 11 3! 5! 2 n§0(2n+1)!
2 3 n
(viii) e =14 (@) (@) (ax) o (a0)"
11 2! 3! n!

i — N - N
(IX)RZZ“OH_ E::n—



(x) z n—'=29= i n_‘
n=0 - n=1
w 3 o 3
: LN n’
(Xl) ngo n! ‘ ngl n!
SR SR
(x11) E‘o m=15e=n§1 ]
(x111) Z (a, £ b.) i Q, ii b,
r=1 r=1
(x1v) Z ka, —kZa
r=1

(xv) Z k=Fk+ k+...ntimes=n.k, where kis a constant.

n(n +1)

(xvi)2r=1+2+...+n= 5

r=1
(xvil) Sum of first n even natural numbers.
1e.2+4+6+...+2n=n(n+1)
(xviil) Sum of first n odd natural numbers.
ie.1+3+5+...+(2n-1)=n"
n2 n(n+1)(2n +1)
6

n
(x1x) Z r’P=12+2+3%+
r=1

“ 3 3 3 3 3 n(n + 1) ’
(xx) Z rr=1"+24+3+..+n" =[——
r=1 2

(xx1) Z rt=1"+21+ 3%+

r=1

nd o n(n +1)(6n° + 9n* +n -1)
30

(xx11) Sum of n terms of series
17-22+3° -4 +5° - 6>+ 7* -8 +

Case I When nisodd = M
Case I When nis even = w

n
(xx111) 2 Zai a;=(a; +ay+...+ a,)-(af +as +...+a)
i<j=1
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