Trigonometric Functions,
Identities and Equations

Angle

When a ray OA starting from its initial
position OA rotates about its end point O
and takes the final position OB, we say
that angle AOB (written as £ AOB) has

been formed.

The amount of rotation from the initial side —

to the terminal side is called the measure 0o Initial side
(Vertex)

of the angle.

Positive and Negative Angles

An angle formed by a rotating ray 1s said to be positive or negative
depending on whether it moves in an anti-clockwise or a clockwise
direction, respectively.

0] Initial side

0] Initial side
(Positive angle) (Negative angle)

Measurement of Angles

There are three system for measuring the angles, which are given
below

1. Sexagesimal System (Degree Measure)

In this system, a right angle is divided into 90 equal parts, called the
degrees. The symbol 1° is used to denote one degree. Each degree is
divided into 60 equal parts, called the minutes and one minute is



divided into 60 equal parts, called the seconds. Symbols 1" and 1" are
used to denote one minute and one second, respectively.

1.e. 1 right angle = 90°, 1° = 60", 1" = 60"’

2. Circular System (Radian Measure)

In this system, angle is measured in radian. A radian is the angle
subtended at the centre of a circle by an arc, whose length is equal to

the radius of the circle. The number of radians in an angle subtended

by an arc of circle at the centre 1s equal to i

radius

3. Centesimal System (French System)

In this system, a right angle is divided into 100 equal parts, called the
grades. Each grade is subdivided into 100 min and each minute is
divided into 100 s.

i.e. 1right angle =100 grades=100%,1¢ =100",1"=100""

Relation between Degree and Radian
(1) mradian =180°
180°
T

or 1 radian = ( ) = 57°16'22" " where, 1t = 2—72 = 3.14159

(i) 1°=| L |rad = 0.01746 rad
180

(1) If D1is the number of degrees, R is the number of radians and G
1s the number of grades in an angle 6, then

D_G _2R
90 100 =

Length of an Arc of a Circle

If in a circle of radius r, an arc of length [ subtend an angle 6 radian at
the centre, then

o= £= Length.of arc . _ o
r Radius




Trigonometric Ratios For acute Angle

Relation between different sides and angles of a right angled triangle
are called trigonometric ratios or T-ratios.

Trigonometric ratios can be represented as

O

: Perpendicular BC
sin 0 = = :
Hypotenuse  AC E
Base AB -CE
cos 0 = = ; o
Hypotenuse AC o]
. o
tan B = Perpendicular = BC ,
Base AB A B
1 Base
cosec 6 = —
sin 0
secH = L ,cot9=c?se= :
cos 9 sinf tan©

Trigonometric (or Circular) Functions

Let X’OX and YOY’ be the coordinate axes. Taking O as the centre
and a unit radius, draw a circle, cutting the coordinate axes at
A,B, A" and B’, as shown in the figure.

AY
B
/ P(x, y)
1,7 ™\
. <o
x A’ of x M A x
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'Y
|: ZAOP = ar-c—AP = il =0°, using = £:|
radiusOP 1 r

Now, six circular functions may be defined as
(1) cosO=x (1) sinB=y

(111) sec@=l, x#0 av) cosec€}=l, y#0
X Y

(v) tan9=l,x;t 0 (vi) cot9=£,y¢ 0
X Y



Trigonometric Function of Some Standard Angles

Angle O0° 30° 45° 60° 90° | 120° 135° 150° 180°
. 11 J3 3| 1 1
im0 3 | &2 2 Ly 2 1 2] 2 0
J3 1 1 1 1 J3
o = = —_—= | =m== | =232 -1
ol 2 2 D > TEB| T2
1 1
tan | 0 73 1 J3 o | =43 ] -1 7 0
1 1
cot | o J3 1 73 o |~ Nel -1 -3 | -
2 2
sec | 1 7 2 2 = -2 | -2 | - 73 -1
g = N
cosec | 2 2 3 1 73 2 2 o

Graph of Trigonometric Functions
1. Graph of sin x
Y} y = sinx

(1) Domain=R (i) Range =[-1,1] (ii1) Period = 2%
2. Graph of cos x

2r, 1) 110, 1) 2n, 1)

(1) Domain= R (1) Range =[-1,1] (1) Period = 21



3. Graph of tan x

:R~@n+DguneI

(1) Domain

(11) Range =(— 0, =)

(i11) Period
4. Graph of cot x
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5. Graph of sec x
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(11) Range = (=0, — 1] U [1, o)

(iii) Period

—R~2n+1)

(1) Domain

= D



6. Graph of cosec x
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Yy = cosec x
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(1) Domain=R~nn,nel
(i) Range = (—eo,— 1] U [1, )
(ii1) Period = 27

Note |sin@| <1 |cos 0| <1|secO| =1 |cosecH| =1for all values of 6, for which
the functions are defined.

Trigonometric Functions in Terms of
sine and cosine Functions

Given below are trigonometric functions defined in terms of sine and
cosine functions

(1) sin@ = or cosec 0 = _1
cosec 6 sin 6
(11) cos6 = or sec O = :
sec 0 cos 6
(iif) cotb= —— =% ortang- 1 508

tan 6 B sino cot 6 B cos©

Fundamental Trigonometric Identities

An equation involving trigonometric functions which is true for all
those angles for which the functions are defined 1is called
trigonometrical identity.

(i) cos”® + sin*6=1or1 - cos”6=sin*6orl - sin”f = cos”O
(ii) 1+ tan®0 = sec” 0 or tan”0 = sec®0 — 1 or sec’® — tan® 6 =1

(iii) 1+ cot?® = cosec? O or cot*6 = cosec®d — 1 or cosec’d — cot” 0 = 1
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Sign of Trigonometric Functions in
Different Quadrants

If we draw two mutually perpendicular (intersecting) lines in the plane
of paper, then these lines divide the plane of paper into four parts,
known as quadrants.

In anti-clockwise order, these quadrants are numbered as I, II, III and
IV. All angles from 0° to 90° are taken in I quardant, 90° to 180° in II
quardant, 180° to 270° in III quadrant and 270° to 360° in IV

quadrant.

YJL
Il Quadrant (% <0< n) | Quadrant (O <0 <%)
sin 6 and cosec 6 are All trigonometric functions
positive. are positive.
(90°+6) and (180° — 6) (360°+6) and (90° — 6)
e 1807 A0 Cy
270"\a| f360°
IIl Quadrant (t<6< 32—n) IV Quadrant (3; <@ < 27:)
tan 6 and cot 6 are positive. | cos 8 and sec 6 are positive.
(180°+8) and (270° - 6) (270°+0) and (360° - 0)
Y+
Trigonometric Ratios of
Some Special Angles
Angle 7L 15° 18° 221 36°
2 2
siné | J4— 2 -6 | 3-1 V5-1 | L5 | Lo—2yE
22 22 4 3 4
cos 6 4+ 2+96 | 3+1 | Lo+ 245 Lo e V5+1
2.2 22 |4 2 4
tan® |(V3-+2)V2-1)| 2-+3 V5-1 V2 -1 ho- 245
10+ 245 Bl

Trigonometric Ratios (or Functions) of Allied Angles

Two angles are said to be allied when their sum or difference is either
zero or a multiple of 90°. The angles —0,90° +6,180°+60,270° +0,
360° — 0 etc., are angles allied to the angle 6, if 6 is measured in
degrees.



Allied Angles

-0

90° -6

90° + 6

180° -6
180° + 6
270° -0
270°+ 6
360° -0

sin©
—sin®
cos 0
cos 0
sin®
—sin®
—Ccos 0
—cos 0
—sin®

cosec 0

— cosec 6

Sec 6

Sec 6
cosec 6

— cosec 6
—sec O
—sec 6

— cosec 6

cos0

cos 6

sin®
—sin®
—cos 9
—Ccos 0
—sin®
sin®
cos 0

sec 6
secO
cosec 6
— cosec 6
—sec
—sec
— cosec 0
cosec 0
sec 0

tan 6
—tan®
cot @
—cot9
—tan®
tan @
cot o
—cot9
—tan®

cot6
—cot®
tan©
—tan®
—cot®
cot B
tan 6
—tan®
—cot®

Trigonometric Functions of Compound Angles

The algebraic sum of two or more angles are generally called
compound angles and the angles are known as the constituent angle.
Some standard formulae of compound angles have been given below

@)
(i1)
(iii)
(iv)
(v)
(vi)

(vii)

(viii)

sin (A+ B)=sin Acos B+ cos Asin B
sin (A— B)=sin Acos B— cos Asin B
cos(A+ B)=cos Acos B— sin Asin B
cos (A— B)=cos Acos B+ sin Asin B

tan (A + B) = tan A+ tan B
1-tan Atan B
tan(A— B)= tan A—-tan B
l+tanAtanB
cot(A+ B)= cot Acot B—1
cot B+ cot A
cot(A— B)= cot Acot B+ 1
cot B—cot A

Some Important Results

@)
(i1)
(iii)

(iv)

sin (A + B) sin (A — B) = sin® A — sin® B= cos” B— cos® A
cos (A + B) cos (A — B) = cos® A— sin” B= cos” B— sin” A
sin(A+ B+ C)=cos Acos BsinC + cos Asin BcosC

+sin AcosBcosC — sin Asin BsinC

or sin(A+ B+ C)=cos AcosBcosC(tan A + tan B+ tanC
—tan Atan Btan(C)

cos(A+ B+ C) = cos Acos BcosC — sin Asin BcosC

—sin Acos BsinC — cos Asin BsinC



or cos(A+ B+ C)=cos AcosBcosC(1 — tan Atan B— tan BtanC
—tan C tan A)

tan A+ tanB+ tanC — tan Atan BtanC

l-tan Atan B—tan Btan(C - tanCtan A

If A+ B+(C=0,then tan A+tan B+tanC=tan A tan B tanC
(vi) (a)sin(A;+ Ay +...+ A )=(cos A cos A,cos A, ... cos A))
X (S —S3+S;-S5;+...)
(b) cos(A; + A, +...+ A )=(cos A, cos A,cos A;...cos A,)
X(1=8y+8S,—Sg+...)
S-S +S5, -5, +...
1-S,+S, -S4 +...

(v) tan(A+ B+ ()=

(c)tan(A; + A, +...+ A)) =

where, S; =tan A; + tan A, +... + tan A4,
[sum of the tangents of the separate angles]
S,=tan A, tan A, + tan A, tan A; + ...
[sum of the tangents taken two at a time]
S; =tan A, tan A, tan A; + tan A, tan A, tan A, + ...
[sum of the tangents taken three at a time]
Note If A =A,=--A =A then we have

S,=ntanAS, ="C,tan®* A S; = "C,tan® A ... so on.

Transformation Formulae
(1) 2sin Acos B=sin(A+ B)+ sin(A- B)
(11) 2cos Asin B=sin(A+ B)— sin (A — B)
(111) 2 cos Acos B=cos(A+ B)+ cos(A—- B)
(iv) 2sin Asin B=cos(A— B)— cos(A + B)
(C+ D) /@\

COS
. 2 \ 2 )
(C+D\ . (C-D)

sin | ——
\2/ \2)

(C+ D) (C-D)
CcoS

. 2 ) \ 2 )
(vii1) cosC—cosDz—Qsin(C-;D) sin(c;D)

: (C+DJ . (D—C)
=2sin sin ?

(v) sinC+ sin D = 2sin

(vi) sinC - sin D = 2cos

(vi1) cosC + cos D = 2cos




Trigonometric Functions of Multiple Angles

() sin2A=2sin A cos A= 2204
1+tan™ A

(ii) cos 2A=cos® A—sin® A=2cos® A—1

2
=1—281n2A=w
1+tan“ A
(iii) tan 24 = 2204
1-tan“ A

(iv) sin 3A=3sin A—4sin’ A
(v) cos 3A=4cos’ A— 3cos A
3tan A —tan’ A

vl) tan 3A = _
) 1-3tan® A

Trigonometric Functions of Sub-multiple Angles

.‘21:{;111il
(1) sinA=Zsin—cos—=—2A
1+ tan® =
2
1—tan2é
(11) cos A= COSQé—Sil‘l2é=20082£—1=1—281n2—=—2
2 2 1+tan®* =
21::;1né
(iii) tan A= 2
1—tan®=
2

(iv) 1— cos A= 2sin? i

(v) 1+ cos A=20082%

l-cosA__ oA

1+cos A
A

(vil) sin (5) + cos (%) =+,/1+sinA

(viil) sin (% J— cos (gj =+,1-sinA

(v1) tan



Some Important Results

1. Product of Trigonometric Ratio
(i) sin 6 sin (60° — ) sin (60° + 0) = i sin 30

(11) cos 6 cos (60° —0) cos (60° +0) = i cos 36
(111) tan O tan (60° — 6) tan (60° + 6) = tan 36
(1iv) cos 36° cos 72° = i

(v) cos Acos 2A cos4A...cos2" 1A= ; sin (2" A)
2" sin A

2. Sum of Trigonometric Ratios
(1) sin A+sin(A+B)+sin(A+2B)+...+sin(A+(n —1) B)
: { B} . nB
sintA+(n—1)—} sin——
2 2

B

sin —

(11) cos A+ cos(A+ B)+ cos(A+ 2B)+...+cos(A+ (n — 1) B)
nB

sin ——
- 2 cos {A+ (n — DB}
B 2

sin —

3. Identities for Angles of a Triangle
If A, Band C are angles of a triangle (or A + B+ C = n), then

(1) (@) sin(B+(C)=sin A (b) cos(B+C)=-cos A
. (B+C A B+C . A
(c) sm( J = Ccos o (d) cos( ) J = sin Y

(11) sin 2A+ sin 2B+ sin 2C =4 sin A sin Bsin C

(111) cos 2A + cos 2B+ cos 2C =—1 - 4cos Acos BcosC
C

(iv) sin A+ sin B+ sin C = 4008%0085 cosg

(v) cos A+ cosB+cosC=1+ 4sin%sin§sin%
(vi) tan A+ tan B+ tan C =tan A tan BtanC

(vi1) cot Becot C+ cot Ccot A + cot Acot B=1



C

(viii) cot i; + cot g + cot L9 = cot = cotE cot—

A

(ix) tané tanE+ tan—tan£+ tan—tan—=1
2 2 2 2 2 2

Trigonometric Periodic Functions

A function f(x) 1s said to be periodic, if there exists a real number 7" > 0
such that f(x + T)= f(x) for all x. T"1s called the period of the function,
all trigonometric functions are periodic.

Important Points to be Remembered

) sin®, cosH, cosecH and secH have a period of 2r.

) tan®, cot6 have a period of 7.
(iii) Period of sink©is 2m /k.

) Period of tank 0 is m /k.

) Period of sin" 9, cos"8, sec”® and cosec™@is 2, if n is odd and, & if n is
even.
(vi) Period oftan”, cot”@is =, if n is even or odd.

(vii) Period of |sinO|,|cosB],|tan6|, |cotB|,|secO|and |cosecH| is m.
(viii) Period of [sin6|+ |cos8|,|tan 6|+ |cot®|and |secB|+ | cosecO|is /2.

Maximum and Minimum Values of a
Trigonometric Expression

(i) Maximum value of @ cos8+ b sin8 = \/a® + b*
Minimum value of @ cos 8+ bsin® = — y/a® + b°

(i) Maximum value of @ cos8+ bsin® + c=c ++a” + b°
Minimum value of @ cos0+ bsin® + ¢ = ¢ — ya* + b*

Hyperbolic Functions

The hyperbolic functions sinh z,cosh z,tanh z,cosech z,sech z,coth z
are angles of the circular functions, defined by removing is appearing

in the complex exponentials.

. et —e*
1) sinhx=——"—
@) 5



X — X

.. e’ +e
(11) coshx=

sinhx e —e™"

(i11) tanhx= =
coshx e“+e*

1 2

(1v) cosech x= =

sinhx e —e
1 2
(v) sechx= =

coshx e“+e *

coshx e“+e™

(vi) cothx=

sinhx e*—¢ %

Domain and Range of Hyperbolic Function

Hyperbolic function Domain Range
sinh x R R
cosh x R [1, )
tanh x R -11)

cosech x R - {0} R —{0}
sech x R 0,1]
coth x R — {0} R—-[-1,1]
Identities

1 COSh2 X — Sil’lh2 x=1
( )
11 sech2x+ tanh2 x=1
( )
111 COth2 xX— COS@Ch2 x=1
( )

(iv) cosh? x + sinh? x = cosh 2x

Formulae for the Sum and Difference
(1) sinh(xz* y)=sinhx cosh y* coshxsinh y
(11) cosh(x=* y)=coshx cosh y* sinh x sinh y

tanh x+ tanh y

1+ tanhxtanhy

(i11) tanh (xxy)=

Formulae to Transform the Product into Sum or Difference
(1) sinh x+ sinh y=2sinh (“Ty} cosh (% J

(11) sinh x—sinh y=2 cosh (x-; y) sinh (%)



(111) cosh x+ cosh y=2 cosh (x-; yJ cosh (x ; y)

(iv) cosh x—cosh y=2 sinh (HTyJ sinh (%}

(v) 2sinh xcosh y=sinh (x+ y)+sinh(x—y)
(vi) 2coshxsinh y=sinh (x+ y)—sinh(x—y)
(vil) 2coshxcosh y=cosh (x+ y)+cosh(x—y)
(vii) 2sinh xsinh y=cosh(x+ y)—cosh(x—y)

Formulae for Multiples of x
2tanh x

(1) sinh 2x=2sinh xcosh x= —
1—-tanh” x

(ii) cosh 2x = cosh” x + sinh® x =2cosh®x—1=1+2 sinh® x
_ l+tanh®x

1—tanh?x

S

(1) tanh 2x = y
1+ tanh®x

(iv) sinh 3x= 3sinhx+ 4 sinh’x

(v) cosh 3x=4cosh® x—3coshx

3tanh x + tanh® x

(vi) tanh 3x= 5
1+ 3tanh” x

Important Formulae

1. (i) sinh®x— 5|nh2y sinh (x + y)sinh (x —y)

(ii) cosh2x+5|nh2y cosh(x +y)cosh(x—y)

(iii) cosh? x —cosh? y=sinh (x + y)sinh(x —y)
2. (i) sinix=isinh x (ii) cos(ix)=cosh x

(iii) tan(ix)=itanhx (iv) cot(ix)=—i cothx

(v) sec(ix)=sechx (vi) cosec (ix)=—i cosech x
3. (i) sinhx=—isin(ix) (i) coshx=cos (ix)

(iii) tanhx =—itan(ix) (iv) cothx =i cot(ix)

(v) sechx=sec(ix) (vi) cosechx =i cosecl(ix)




Trigonometric Equations

An equation involving one or more trigonometrical ratios of unknown
angle 1s called a trigonometric equation.

Solution/Roots of a Trigonometric Equation

A value of the unknown angle which satisfies the given equation, is
called a solution or root of the equation.

The trigonometric equation may have infinite number of solutions.

(1) Principal Solution The least value of unknown angle
which satisfies the given equation, is called a principal solution
of trigonometric equation.

(1) General Solution We know that trigonometric function are
periodic and solution of trigonometric equations can be
generalised with the help of the periodicity of the trigonometric
functions. The solution consisting of all possible solutions of a
trigonometric equation is called its general solution.

Some Important Results

(1) sin6=0 = 0=nn, wherene z
(1) cos0=0=0=(2n+1) %’ where n € z
(1) tan®=0=0=nn, wherene z

(iv) sinf =sinaa = 0=nn+ (- 1)"a, wherea e {— g,g} andn ez

(v) cos® =cosoo =0 =2nn+ o, whereae [0,t]and n e z
(vi) tanB=tano = 6 =nn+ o, where o e (— g,gJandne z
(vii) sin®@ = sin®a, cos®0 = cos® o, tan®O = tan® o
=5 O=nnto,wherenez
(viil) sinf6=1 =0=(4n +1) g, where n € z

(ix) cos0=1=0=2nn, wheren e z
(x) cosO=—1=0=(2n +1)n, wheren e z

sin® = sino and cos® = coso |

(x1) sinf =sino and tan® =tano; = 0 = 2nw + o, where n € z

tan@ = tano and cos9 = cos o



(xii)

(xiii)

(xiv)

(xv)
(xv1)
(xvil)
(xviil)
(Xix)

(xx)

Equation of the form a cos 6+ bsinb = ¢

Put a =r cosa and b =r sino, where
r=+a®+ b* and| c|<Va? + b*

0=2nttoa+d,nel

1 | cl

Ja® + b”
(@) If| ¢| > y/a® + b%, equation has no solution.
(b) If| ¢| < yJa® + b*, equation is solvable.

1

b
where, ot = cos™ and ¢=tan " —
a

n

sin (% + 9) = (- 1)5 cos 0,1f n 1s odd.

n

= (-1)2 sin 6, if n is even.

n—1
cos (% + G) =(-=1) 2 sin®,if nis odd.

= (-1)2 cos 6, if n is even.

sin6; + sinBy +... +sinB, =n = sinh; =sin 6, =...

cos0; + cosBy +... +cosB, =n = cosB; =cosO, =...

sin® + cosecf=2= sinfH=1
cosB+secO6=2=cosO6=1
sin® + cosecf=—2=smnO=-1

cosO+secO=—2=cosbf=-1

=sinbh, =1

=cos0, =1

Important Points to be Remembered

While solving an equation, we have to square it, sometimes the resulting

roots does not satisfy the original equation.

Do not cancel common factors involving the unknown angle on LHS and

RHS. Because it may be the solution of given equation.

(a) Equation involving sec@ or tan 6 can never be a solution of the form

T
2n+ 10—
2

(b) Equation involving cosec or cotf can never be a solution of the form

0 =nm.

DCAM classes

Dynamic Classes for Academic Mastery




