Unit 4 (Principle Of Mathematical
Induction)

Short Answer Type Questions
Q1. Give an example of a statement P(n) which is true for all n= 4 but P(l), P(2) and P(3) are
not true. Justify your answer.

Sol. Consider the statement P(n): 3n < n!
Forn=1,3x1 <1, which is not true

Forn=2,3x2< 2!, which is not true
Forn =3,3x 3 < 3!, which is not true
Forn=4,3 x4 <4l which is true
Forn=15,3x5< 5!, which is true

Q2. Give an example of a statement P(n) which is true for all Justify your answer.

Sol. Consider the statement:

2 2
+1
Pn): P+23+3+ .. +n’= "—(";)—
12(1+1)2
Forn=1,1= (—-)—*=1
4
Thus, P(1) is true.

: 2 2
Forn=2,1+2’=1+8=9and @ﬂ)
Thus, P(2) is true.

32(3 +1)°

Forn=3,1>+2*+3*=1+8+27=36and —-4——=36

Thus, P(3) is true.
Hence, the given statement is true for all n.



Instruction for Exercises 3-16: Prove each of the statements in these Exercises by the
Principle of Mathematical Induction.

Q3. 4" - 1 is divisible by 3, for each natural number

Sol: Let P(n): 4" - 1 is divisible by 3 for each natural number n.

Now, P(): 4! — 1 = 3, which is divisible by 3 Hence, P(l) is true.

Let us assume that P(n) is true for some natural number n = k.

P(k): 4% - 1 is divisible by 3

or 4k—1=3m,meN ()

Now, we have to prove that P(k + 1) is true.

P(k+ 1): 4k1 =1

= 44|

=4(3m+1) -1 [Using ()]

=12m+3

= 3(4m + 1), which is divisible by 3 Thus, P(k + 1) is true whenever P(Kk) is true.
Hence, by the principle of mathematical induction P(n) is true for all natural numbers n.

Q4. 23" - 1 is divisible by 7, for all natural numbers
Sol: Let P(n): 23" - 1 is divisible by 7

Now, P(1): 2% — 1 =7, which is divisible by 7.
Hence, P(l) is true.

Let us assume that P(n) is true for some natural number n = k.
P(k): 23 - 1 is divisible by 7.

or 23€-1=7m meEN (i)

Now, we have to prove that P(k + 1) is true.

P(k+1): 230<+1)— 1

=23k 23-1

=8(7m+1)-1

=56m+7

=7(8m + 1), which is divisible by 7.

Thus, P(k + 1) is true whenever P(K) is true.



So, by the principle of mathematical induction P(n) is true for all natural numbers n.

Q5. n3 - 7n + 3 is divisible by 3, for all natural numbers

Sol: Let P(n): n® — 7n + 3 is divisible by 3, for all natural numbers n.

Now P(I): ()® = 7(1) + 3 = -3, which is divisible by 3.

Hence, P(l) is true.

Let us assume that P(n) is true for some natural number n = k.

P(k) = K3 — 7k + 3 is divisible by 3

ork®-7k+3=3m mEN (i)

Now, we have to prove that P(k + 1) is true.

Pkt 1)k +1)3 =7k +1)+3
=k3+1+3k(k+1)—7k—7+3=k3-7k + 3+ 3k(k + )-6

=3m + 3lk(k+)-2] [Using (i)]

= 3[m + (k(k + 1) = 2)], which is divisible by 3 Thus, P(k + 1) is true whenever P(k) is true.
So, by the principle of mathematical induction P(n) is true for all natural numbers n.

Q6. 32" — 1 is divisible by 8, for all natural numbers

Sol: Let P(n): 32" - 1 is divisible by 8, for all natural numbers n.

Now, P(l): 3% - 1 = 8, which is divisible by 8.

Hence, P(l) is true.

Let us assume that, P(n) is true for some natural number n = k.

P(k): 3% - 1 is divisible by 8

or 3% 1=8m meEN (i)

Now, we have to prove that P(k + 1) is true.

P(k+ 1): 320+ 1)— |

=3%.32—1

=9(8m+1)-1 (using (i)

=72m+9 -1

=72m+8

=8(9m +1), which is divisible by 8 Thus P(k + 1) is true whenever P(K) is true.
So, by the principle of mathematical induction P(n) is true for all natural numbers n.

Q7. For any natural number n, 7" — 2" is divisible by 5.

Sol: Let P(n): 7" = 2" is divisible by 5, for any natural number n.
Now, P(l) = 71-27 = 5, which is divisible by 5.

Hence, P(l) is true.

Let us assume that, P(n) is true for some natural number n = k.

. P(k) = 7k -2Kis divisible by 5

or 7k—-2Kk=5m meN (i)
Now, we have to prove that P(k + 1) is true.

P(k+ 1); 7K+ 2k#

= 7k-7-2k-2

= (5 +2)7¢-2k-2

= 5.7K+2.7K2-2K

= 57K+ 2(7% = 2%

=5-7+2(5m) (using (i)

= 5(7% + 2m), which divisible by 5.

Thus, P(k + 1) is true whenever P(k) is true.

So, by the principle of mathematical induction P(n) is true for all natural numbers n.

Q8. For any natural number n, x" -y" is divisible by x -y, where x and y are any integers with x
2y
Sol: Let P(n) : x" — y" is divisible by x =y, where x and y are any integers with x=y.



Now, P(): x" -y" = x-y, which is divisible by (x-y)

Hence, P(l) is true.

Let us assume that, P(n) is true for some natural number n = k.
P(k): XK -yX is divisible by (x — )

or x*yk=m(x-y)m €N ..()

Now, we have to prove that P(k + 1) is true.

P(keH)xkH-yk+!

= xKxxKoy + xKoy-yky

= XK(x-y) +y(x-y")

=x(x = y) +ym(x - y) (using (7))

= (x -y) [X+ym], which is divisible by (x-y)

Hence, P(k + 1) is true whenever P(k) is true.

So, by the principle of mathematical induction P(n) is true for any natural number n.

Q9. n3 -n is divisible by 6, for each natural number n=

Sol: Let P(n): n® — n is divisible by 6, for each natural number n> 2.
Now, P(2): (2) -2 = 6, which is divisible by 6.

Hence, P(2) is true.

Let us assume that, P(n) is true for some natural number n = k.
P(K): k® - k is divisible by 6

or k®k=6m meN (i

Now, we have to prove that P(k + 1) is true.

P(k+ 1): (k+ D3-(k+ 1)

= k3+ 1 +3k(k+ )-(k+ 1)

= k3+ 1 +3k? + 3k-k- 1 = (k3K) + 3k(k+ 1)

=6m+ 3 k(k +1) (using (i))

Above is divisible by 6. (- k(k + 1) is even)

Hence, P(k + 1) is true whenever P(K) is true.

So, by the principle of mathematical induction P(n) is true for any natural number n,n= 2.

Q10. n(n? + 5) is divisible by 6, for each natural number

Sol: Let P(n): n(n? + 5) is divisible by 6, for each natural number.

Now P(I): T (12 + 5) = 6, which is divisible by 6.

Hence, P(l) is true.

Let us assume that P(n) is true for some natural number n = k.

P(K): k( k? + 5) is divisible by 6.

or K (k?+ 5) = 6m, mEN 0)

Now, we have to prove that P(k + 1) is true.

P(KH):(K+D)[(K+)2 + 5]

= (K + [K? + 2K+6)

=K3+3K?+8K+6

= (K2 +5K) + 3K?2+ 3K + 6 =K(K? + 5) + 3(K2 + K + 2)

=(6m) +3(K2+K+2)  (using ()

Now, K2 + K + 2 is always even if A is odd or even.

So, 3(K? + K + 2) is divisible by 6 and hence, (6m) + 3(K? + K + 2) is divisible by 6.
Hence, P(k + 1) is true whenever P(k) is true.

So, by the principle of mathematical induction P(n) is true for any natural number n.

Q11. n% < 2", for all natural numbers n =

Sol: Let P(n): n? < 2" for all natural numbers n= 5.
Now P(5): 5% < 25 or 25 < 32, which is true.
Hence, P(5) is true.



Let us assume that P(n) is true for some natural number n = k.
P(K): k2 < 2% (i)
Now, to prove that P(k + 1) is true, we have to show that P(k+ 1): (k+ [)2 <2k
Using (i), we get
(k+D2=K2+2k+1<2K+2k+1 (i)
Now let, 2+ 2k + 1 < 2K1 i)
2K 2k+1 <2 2K
2k + 1 < 2K which is true for all k > 5 Using (ii) and (iii), we get (k + )2 < 2€*T Hence, P(k + 1) is
true whenever P(K) is true.
So, by the principle of mathematical induction P(n) is true for any natural number n,n= 5.

Q12. 2n<(n + 2)! for all natural numbers

Sol: Let P(n): 2n < (n + 2)! for all natural numbers n.
P(1):2<(1+2)or2<3lor2<6,whichis true.

Hence,P(l) is true.

Let us assume that P(n) is true for some natural number n = k.
P(k) :2k<(k + 2)! (i)

To prove that P(k + 1) is true, we have to show that
Pk+1):2(k+ 1) <(k+1+2)

or 2(k+ 1) < (k +3)!

Using (i), we get

2(k+1) =2k + 2<(k+2) ! +2 (ii)

Now let, (k + 2)! + 2 < (k + 3)! (iii)

=> 2 < (k+3)! = (k+2) !

=>2<(k+2)![k+ 3-1]

=>2<(k+ 2) ! (k + 2), which is true for any natural number.
Using (i) and (iii), we get 2(k + 1) < (k + 3)!

Hence, P(k + 1) is true whenever P(K) is true.

So, by the principle of mathematical induction P(n) is true for any natural number n.

1
13. \/_ \/_ \/— +t—= J— for all natural numbers n > 2.

1 1
Sol. Let P(n) : \n <—+__+...+_ for all
‘/1- 5 \/;, or all natural numbers n > 2,

P(2): \5<\/— ok which is true.

Hence, P(2) is true.
Let us assume that P(n) is true for some natural number n = k
1
PRk <— i
T EE ©

To prove that P(k + 1) is true, we have to show that

P(k+1)Jﬁ<\/_ f+ +J_ Jf:



Now, _l_ ! 1 !

VNI iy v
1
>k + N [Using (i)]

=

>Jk+1 1 >0
Jk+1
Hence, P(k + 1) is true whenever P(k) is true.

So, by the principle of mathematical induction P(n) is tlrue for any natural
number #, n > 2. :

Q14. 2 + 4+ 6+... + 2n = n2 + n, for all natural numbers

Sol: Let P(n):2 + 4+ 6+ ..42n=n%+n

P():2 =12+ 1 =2, which is true

Hence, P(l) is true.

Let us assume that P(n) is true for some natural number n = k.
SPK):2+4+ 6+, 42k =k +k (i)

Now, we have to prove that P(k + 1) is true.
Pk+1):2+4+6+8+ +2k+2 (k+1)

=k?+k+2(k+ 1) [Using ()]

=k?+k+2k+2

= k? + 2k+T+k+1

=(k+1)2+kt 1

Hence, P(k + 1) is true whenever P(k) is true.

So, by the principle of mathematical induction P(n) is true for any natural number n.

Q15.1+2+22+ ..+ 2" =2"*1 — 1 for all natural numbers

Sol: Let P(n): 1+ 2+ 22+ .. +2"=2"*1 -1 forall natural numbers n
P(1):1=20*1—1=2—1=1, which s true.

Hence, ,P(1) is true.

Let us assume that P(n) is true for some natural number n = k.

P(K): +2 + 22+, 42K = 2k+1 (i)
Now, we have to prove that P(k + 1) is true.

P(k+1): 142 + 22+ 42K + 2K+

= 2k+1 — 7 4+ 2K [Using (i)]

=2.2K—1 =1

okt 1)H1

Hence, P(k + 1) is true whenever P(k) is true.

So, by the principle of mathematical induction P(n) is true for any natural number n.

Q16.1+5+9+ ..+ (4n — 3) = n(2n - 1), for all natural numbers
Sol: Let P(n): T+ 5+ 9+ ..+ (4n = 3) =n(2n - 1), for all natural numbers n.
P(1):1=1(2x1-1)=1,which s true.
Hence, P(l) is true.
Let us assume that P(n) is true for some natural number n = k.
P(k):1+5 + 9 +..+(4k-3) = k(2k-1) (i)
Now, we have to prove that P(k + 1) is true.
Pk+1):1+5+9+ .+ (4k-3)+[4(k+ 1) - 3]
= 2k? -k+4k+ 4-3
=2k2 + 3k + 1



=(k+T)(2k+1)

= (k+)[2(k+1)-]

Hence, P(k + 1) is true whenever P(k) is true.

So, by the principle of mathematical induction P(n) is true for any natural number n.

Long Answer Type Questions
Q17. A sequence ay, a,, as, ... is defined by letting a;=3 and ay = 7ax—1 for all natural
numbers k= Show that a, = 3 + 7™ for all natural numbers.
Sol: We have a sequence ay, a,, as... defined by letting a, = 3 and ay = 7ax—1, for all natural
numbers k=2.
Let P(n) : a,=3-7"~" for all natural numbers.
Forn=2,a,=3-7"'=37'=21
Also,a,=3,a,=Ta;_,

= a,=7-a,=7x3=21

Thus, P(2) is true.

Now, let us assume that P(r) is true for some natural number n =m.
P(m):a,=3-7"" @

Now, to prove that P(m + 1) is true, we have to show that
Pm+1):a,,,=37""""1! |
A1 =T piy (@8 =Ta,_y)
=7-a,
=7.3. 7" =397 11 [Using (i)]
Hence, P(m + 1) is true whenever P(m) is true.

So, by the principle of mathematical induction P(n) is true for any natural
number n.

Q18. A sequence by, by, by, .. is defined by letting bg = 5 and by = 4 + by—4, for all natural
numbers Show that b, = 5 + 4n, for all natural number n using mathematical induction.

Sol. We have a sequence bg, by, by,... defined by letting bg = 5 and by = 4 + by—,, for all natural
numbers k.

Sol. We have a sequence by, b,, b,, ... defined by letting by=5and b, =4+ b, _,,
for all natural numbers £.

Let P(n) : b, =5 + 4n, for all natural numbers
Forn=1,b,=5+4x1=9

Also by=5

by=4+by=4+5=9

Thus, P(1) is true.

Now, let us assume that P(n) is true for some natural number n = m.
P(m):b,=5+4m 6))

Now, to prove that P(k + 1) is true, we have to show that
Pim+1):b,,, =5+4m+1)

bpi1=4+tb,._ (Asby=4+b_))
~4+b,
=4+5+4m=5+4(m+1) [Using (i)]

Hence, P(m + 1) is true whenever P(m) is true.

So, by the principle of mathematical induction P(n) is true for any natural
number 7.



dy_
19. A sequence d;, d, ds, ... is defined by letting d, = 2 and dj, = %, for all
- 2
natural numbers £ > 2. Show that d,, = o forallne N.

k-1

Sol. We have a sequence d, d,, d, ... defined by letting d, = 2 and d, = k

2
Let P(n):d, = . VneN

2
2!

2
P(2).d,= Xl
dg_y

Also,d; =2 and d; = P

I N O

202
Hence, P(2) is true.
Now, let us assume that P(n) is true for some natural number n = m.
2

P(m):d,= — ) @)

Now, to prove that P(m + 1) is true, we have to show that
2
Pm+1)d,,  =——
(m+1)!
d = dm+l_l = dm = 2 = 2
" m+l m+l mi(m+1) (m+1)!
Hence, P(m + 1) is true whenever P(m) is true.
So, by the principle of mathematical induction P(n) is true for any natural
number n.
20. Prove that foralln e N,

cos a+cos(a+ f)+cos(a+2B)+... +cos[a+(n—-1)f]

o)

sin E

2

Sol. Let P(n) : cos a+ cos (@ + B) + cos (CH-' 2B+ ... +cos[a+(n-1)p]

cos-a+[ 5 Jﬂ}sm("ﬁ)
sin-é
2
cos [a + (l;—ljﬁ}smg cos & s;i|1E
Now, P(1) : cos a= B = B 2 —cos
sin—z— sinE

Hence, P(1) is true.
Now, let us assume that P(n) is true for some natural number n = £.
P(k) : cos a+cos (a+ f) +cos (x+2P) +... +cos [+ (k— 1)f]

cos[a +(k;B]ﬁ:|sin_’fQ | 0

sin—
2




Now, to prove that P(k + 1) is true, we have to show that
P(k+1):cos a+cos (o + ff) + cos (@+2B) + ... +cos [+ (k— 1) f]
+cosfa+(k+1-1)8]

cos(a + %)sin(—k-%)ﬁ
B

sin-—
2

cos ¢+ cos (a+ f)+cos(a+2P)+ ... + cos [a+ (k— 1)B] + cos (@ + kf)
cos[a + [u]]sm kB
= 2ﬁ 2 + cos(a + kB) [Using (1)]

sin—
2

cos [a + (%) ﬁ} sin%):i + cos(a + k) sing
B

sini
a8 ) a2 )

+sm(a+kﬁ+ )—sin[a+kﬁ—§)
B

2sin5
Sin(“+kﬁ+§)—sin(a—g]
i 2sing
i 2ms%(a+kﬁ+§+a—§)sin%[a+kﬁ+§_a+§)
Zsing
os(za;kﬁ)sin[kﬁz'*ﬁ) cos[a+%)sin(k+l)g
i sing ) sing

Hence, P(k + 1) is true whenever P(k) is true.

So, by the principle of mathematical induction P(n) is true for any natural
number n.

2"
21. Prove that cos 6 cos 20 cos 2*0cos 2"~ ' 6= sin ,VneN.
" sin
. "
Sol. Let P(n): cos 6cos 20..cos2" ' 8= 31:: -
2"sin @

sm 2'0 _sin20 _2sin@cos 6
: =cos @, ich i X
P(1):cos 8= N sinB 2506 2sin@ which is true

Hence, P(1) is true.
Now, let us assume that P(n) is true for some natural number n = k.
in 20
. P(k) : cos 6 cos 26 cos 2> 0 ...cos 2F "1 g= s1kn -
. 2%sin @

0]



To prove that P(k + 1) is true, we have to show that
sin 2*''0

k-1 ko=
P(k + 1) : cos @cos 20 cos 2> Bcos 2¢ ' Bcos 2F 9= 2Mlsin @

Now cos 8 cos 28cos 22 0 cos 2" O cos 2¢ @
_ sin 2*e
2*sin 6

_2sin 2% @ cos 2¢0
2-2%sin@

sin2-2%9 sin2%**Dg
= 2k+1

-~ 2Mlging sin @

Hence, P(k + 1) is true whenever P(k) is true.

sin 9 sin (nt) o

22. Prove that, sin 6+ sin 20+sin 368+ ... + sin n@=
sin—
2

ne N.

sinﬁsinme

Sol. Let P(n):sin 8+sin28+sin368+ ... +sinn@=
sin-2~

ne N

sin%-sin@ﬂ sing-sin 7]
P(l):sin 6 = Sing = 3 =sin §
2 2

Hence, P(1) is true.
Now, let us assume that P(n) is true for some natural number n = k.

. k6 . (k+1)
sin—sin| — [0
2 2

sin—
2

~ P(k) :sin 0+ sin 26+ sin 30+ ... +sin k@ =

Now, to prove that P(k + 1) is true, we have to show that
P(k+1):sin @+sin20+sin360+ ... +sink@+sin(k+1) 0

sin(k+l)asin-(k+l+l)9
2 2

sin—
2
sin 8+sin28+sin30+ ... +sinkB+sin(k+1) 0
sinicgsin[k+]]3

= 5 2 J_isintk+1)0 [Using(i)]
sin E

. kO . (k+1 . . 6
sin > sm(T)G +sin(k + 1)@ - sm~2-

. 6
sin—
2

cos 2k @ [Using (i)]

, for all

, for all

@)



o256

.+ cos [(k +1)6 - g] - cos[(k +1)0 + g]

2.sinE
2
cosg—cos(k9+g)+cos(k6+9)—-005(k8+36’)
__ 2 2 2 2
2sir1g
2
c:osg - cos(ke + ﬁ)
__ 2 2
2sing
-2
2sinl(2+k6+£)‘sinl(k6+16——'g)
= 2\2 2 2 2 2
ZSin2
2
. (k9+29) . [k6‘+9]
sin -sin
- 2 2 ).
. 6
sin—
2

sin(k + l)g -sin(k +1+ l)g

. @
sin—
2

Hence, P(k + 1) is true whenever P(k) is true.

So, by the principle of mathematical induction P(n) is true for any natural
number #.

o Tn.
23. Show that — + 5 +— is a natural number, forall n € N.

n ond n
Sol. Let P(n): 5 + Y + I is a natural pumber, for alln € N.

53
P(1): l—+1—+ﬂ)—=3—+—5+—7=2=1, which is a natural number.
5 3 15 15 15

Hence, P(1) is true.
Let us assume that P(n) is true, for some natural number n = .

5 .3
P(k) L + K + Tk is natural number (i)
5 3 15 :



Now, we have to prove that P(k + 1) is true.

5 3
P(k+1):(k+1) +(k+1) +7(k+1)
5 3 15
_E+SE 108 410K+ Sk+ 1 KO +143K +3k Tk +7
- 5 3 15
N 1!;_+5k“+10k3+10k2+5k+1+3k2+3k+1+l
5 3 15 5 3 15
5 3
SIS TN VL S SE SR UNDS RPN S S
5 3 15 5 3 15
5 3
TR P+ 2k +1
5 3 15
which is a natural number [Using (i)]

Hence, P(k + 1) is true whenever P(k) is true.

So, by the principle of mathematical induction P(n) is true for any natural
number n.

1 I 13

+ +---+—>— for all natural numbers n > 1.
n+l n+ 2_ 2n 24

1 1 1 13
Sol. Let P(n): -;-:1-+n+2+---+5-,->-2—4, for all natural numbers n > 1.

1 1 13
= P(2)—+——>—
()2+1 2+2 24
1 1 13 443 13
—t—>—=—>—
3 4 24 12 24

7 13

—_

12 24

Hence, P(2) is true.

Let us assume that P(n) is true, for some natural number »n = k.
1 1 _13

1
PEy———+—+ -+ —>— i
" 2 2% 24 @

24, Prove that

= which is true.

Now, to prove that P(k + 1) is true, we have to show that
P(k+1):L+L+---+L+ ! >E
k+1 k+2 2k 2(k+1) 24
| 1 1 13 1 13
+—+

L+ >—+ >—=
k+1 k+2 2k 2k+1) 24 2k+1) 24

[ 1 >O]
2(k +1)

Hence, P(k+ 1) is true whenever P(k) is true.

So, by the principle of mathematical induction P(n) is true for any natural number rt,n> 1.

Q25. Prove that number of subsets of a set containing n distinct elements is 2”, for all n €
Sol: Let P(n): Number of subset of a set containing n distinct elements is 2, for all ne N.

Forn =1, consider set A = {1}. So, set of subsets is {{1}, @}, which contains 2' elements.

So, P(1) is true.

Let us assume that P(n) is true, for some natural number n = k.

P(k): Number of subsets of a set containing k distinct elements is 2 To prove that P(k + 1) is
true,

we have to show that P(k + 1): Number of subsets of a set containing (k + 1) distinct elements



is 2k+1

We know that, with the addition of one element in the set, the number of subsets become
double.

Number of subsets of a set containing (k+ 1) distinct elements = 2x2k = 2k*

So, P(k + 1) is true. Hence, P(n) is true.



